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Abstract: Let G be a simple graph. A total dominator coloring of G is a proper coloring of the vertices of G in
which each vertex of the graph is adjacent to every vertex of some color class. The total dominator chromatic
number x%(G) of G is the minimum number of colors among all total dominator coloring of G. In this paper,

we study the total dominator chromatic number of some graphs with specific construction. Also we compare
x4(G) with x%,(G — e), where e € E(G).
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1. Introduction

n this paper, we are concerned with simple finite graphs, without direction, multiple, or weighted edges,
m and without self-loops. Let G = (V,E) be such a graph and A € N. A mapping f : V(G) —{1,2,..,A}
is called a A-proper coloring of G if f(u) # f(v) whenever the vertices u and v are adjacent in G. A color
class of this coloring is a set consisting of all those vertices assigned the same color. If f is a proper coloring
of G with the coloring classes V1, V5, ..., V) such that every vertex in V; has color i, then we write simply f =
(V1, V3, ..., Vy). The chromatic number x(G) of G is the minimum number of colors needed in a proper coloring
of a graph. The concept of a graph coloring and chromatic number is very well-studied in graph theory. A
dominator coloring of G is a proper coloring of G such that every vertex of G dominates all vertices of at least
one color class (possibly its own class), i.e., every vertex of G is adjacent to all vertices of at least one color
class. The dominator chromatic number x,;(G) of G is the minimum number of color classes in a dominator
coloring of G.

The concept of dominator coloring was introduced and studied by Gera, Horton and Rasmussen [1]. Let
G be a graph with no isolated vertex, then the total dominator coloring (TD-coloring) is a proper coloring of G
in which each vertex of the graph is adjacent to every vertex of some (other) color class [2]. The total dominator
chromatic number (TDC-number), X;(G) of G is the minimum number of color classes in a TD-coloring of G.
The TDC-number of a graph is related to its total domination number. A total dominating set of G is a set
S C V(G) such that every vertex in V(G) is adjacent to at least one vertex in S. The total domination number
of G, denoted by v (G), is the minimum cardinality of a total dominating set of G. A total dominating set of G
of cardinality 7;(G) is called a 7;(G)-set.

The literature on the subject on total domination in graphs was surveyed and detailed in the book [3].
It is not hard to see that for every graph G with no isolated vertex, 7:(G) < x%(G). Computation of the
TDC-number is NP-complete. The TDC-number of some operations of two graphs was studied in [2]. Also
Henning in [4] established the lower and upper bounds on the TDC-number of a graph in terms of its total
domination number. He showed that, for every graph G with no isolated vertex satisfies 7;(G) < x4(G) <
7t(G) + x(G). The properties of TD-colorings in trees was studied in [4]. Trees T with v,(T) = x(T) was
characterized in [4].

The join G = G; + G, of two graph G; and G, with disjoint vertex sets V; and V, and edge sets E; and
E; is the graph union G; U G; together with all the edges joining V; and V,. For two graphs G = (V, E) and
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H = (W, F), the corona G o H is the graph arising from the disjoint union of G with |V| copies of H, by adding
edges between the ith vertex of G and all vertices of ith copy of H.

In this paper, we continue the study of TD-colorings in graphs. We compute the TDC-number of some
specific graphs in the Section 2. In Section 3, we study TD-chromatic number of corona and join of graphs.

2. Total dominator chromatic number of specific graphs

In this section, we consider the specific graphs and compute their TDC-numbers. First we need the
TDC-number of path and cycle graph. Note that the value of TDC-number of paths and cycles which have
computed in [5] are lower and upper bounds for x%(Pys), x;(Cs) and are not the exact value. For example by
formula in [5], x;(Pa)) = 40 which is not true and the correct value is 32 which can obtain by the following
theorem.

Theorem 1. If P, is the path graph of order n > 8, then

2k+2  ifn =4k,
Xi(P) =< 2k+3  ifn=4k+1,
2k +4 ifn=4k+2,n =4k +3.

Also x(P3) = 2, x4,(Py) =3, x,,(Ps) = x(Ps) = 4 and x',(P;) = 5.

Proof. It is easy to show that x%,(P3) = 2, x}(Ps) = x4(Ps) = 3, x};(Ps) = 4 and x,(P;) = 5. Now letn > 8.
First we show that for each four consecutive vertices we have to use at least two new colors. Consider Figure
1. We have two cases. If we give an old color to v;, 1, then we need to give a new color to v;,, and v; 3 to have
a TD-coloring. Also if we give a new color to v;;1, then we have to give a new color to v;;, or v; to have a
TD-coloring. So we need at least two new colors in every four consecutive vertices.

Suppose that n = 4k, for some k € N. We give a TD-coloring for the path Py which use only two new
colors in every four consecutive vertices. Define a function fj on the vertices of Py, i.e., V(Py) such that for
any vertex v;,

1 ifi=1+4k
fO(U’)_{z if | = 4k,

and for any v; , i # 4kand i # 4k+1, fo(v;) is a new number. Then f is a TD-coloring of Py, with the minimum
number 2k + 2.

Figure 1. Four consecutive vertices of the Path graph P,.

If n = 4k 4 1, for some k € N, then first color the 4k — 4 vertices using fy. Now for the rest of vertices
define f1(vg_3) = 1, fi(var_2) = 2k + 1, fi(vg_1) = 2k + 2, fi(vg) = 2k + 3 and f1(v4ryq) = 2. Since for
every five consecutive vertices we have to use at least three new colors, so fj is a TD-coloring of Py 1 with the
minimum number 2k + 3.

If n = 4k + 2, for some k € N, then first color the 4k — 4 vertices using fy. Now for the rest of vertices define
f2 (Z)4k_3) =1, fz(v4k_2) =2k + 1, fz (U4k_1) =2k+ 2, f2(04k) =2k+ 3, f2(04k+1) =2k +4 and f2(04k+2) =2.
Since for every six consecutive vertices we have to use at least four new colors, so f; is a TD-coloring of Py »
with the minimum number 2k + 4.

If n = 4k + 3, for some k € N, then first color the 4k — 4 vertices using fy. Now for the rest of vertices define
fa(vak—3) =1, fa(vak—2) = 2k + 1, f3(var—1) = 2k +2, f3(vsk) = 2, f3(var11) = 2k +3, f3(vak42) = 2k +4 and
f3(vggs2) = 2. Then f3 is a TD-coloring of Py, with the minimum number 2k + 4. Therefore we have the
result. O

Theorem 2. Let C,, be the cycle graph of order n > 8. Then
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2k+2  ifn =4k,
Xy(Co) =< 2k+3  ifn=4k+1,
2k+4  ifn=4k+2,n=4k+3.

Also x4(C3) =3, x4,(Cs) = 2, x4(Cs5) = x4(Ps) = 4 and x',(C7) = 5.

Proof. Observe that x4(C3) = 3, x4(Cs) = 2, x4(C5) = x4(Cs) = 4 and x,(C7) = 5. Now let n > 8. Itis
sufficient to give a TD-coloring to the P, as we see in the proof of the Theorem 1, then we add an edge between
vertices v1 and v,,. Then we have a TD-coloring for C,; and the result follows. O]

From Theorems 1 and 2, we have the following corollary.
Corollary 1. For every n > 6, x,(Py) = x4(Cy).

Here we consider the ladder graph. We need the definition of Cartesian product of two graphs. Given
any two graphs G and H, we define the Cartesian product, denoted GOH, to be the graph with vertex set
V(G) x V(H) and edges between two vertices (u1,v1) and (up, vp) if and only if either u; = up and v1v; €
E(H) Oor U Uy € E(G) and v1 = vy.

Let n > 2 be a natural number. The n-ladder graph can be defined as PO P, and denoted by L,. Figure 2
shows a TD-coloring of ladder graphs.

Theorem 3. For every n > 2,
n+1 if nisodd,
X;(Ln) = { f

n if n is even.

Proof. Let Xij be a vertex of ladder graph in i-th row and j-th column (1 <i <2and 1 <j<#n).Ifn =2k +1
for some k € N, then we color the vertex x1; with color j and for vertices x,; we assign the color 2j + 2 for
Xp(2j41) and color 2j — 1 for vertex x,,;) (Figure 2). This coloring gives a TD-coloring for L, and this method
warranty the least number of used colors. So X;(L2k+1) = 2k + 2. With similar argument we have the result

for even n. O
1 2 3 4 5 %—1o9r 2%+1 1 2 3 4 5 ¢ %-19k Ok+1 2k+2
2 1 4 % 6 5 7 2 9k-1 %42 2 1 4 % 6 % 7 % 91 2k+22k+1

Figure 2. Total dominator coloring of Ly 1 and Ly 5, respectively.

Here, we generalize the ladder graph P,OP, to grid graphs P,0P,. The following theorem gives the
TDC-number of grid graphs:

Theorem 4. Let m,n > 2. The TDC-number of grid graphs P,0P,, is,

kx4 (P,0OP;) = kx'(Ly) ifm=2kand n = 2s,
{ (PaOIPy) — kxi(Lu) + x5 (Py) ifm=2k+1landn = 2s,
Aa\Fn=Em) = sxy (L) + x5 (P) ifm=2kandn =2s+1,

Xé(anDmel)‘i‘X,tj(me—l) ifm=2k+1andn =2s+1.

Proof. We prove two first cases. The proof of another cases are similar. Suppose that m = 2k and n = 2s, for
some k and s. We use induction on m.

Case 1. If m = 2 and n = 2s, then we have a ladder and the result follows from Theorem 3. For m = 2, as you
see in Figure 3, we have two L, as subgraphs of 4 x n grid graph. Since in TD-coloring of 4 x n grid graph, we
can not use the colors of vertices in the first ladder, for the second ladder, so we need 2)(2 (Ly) colors. It is easy
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to see that we cannot use less colors. Since in the P, 0Py, there are exactly k ladder L, as subgraphs, we have
the result by induction hypothesis.

1 2 3 4 5 6 252 25—1 2
® R o
|4
9 1 4 3, 6e 9 253 2 95— 1

Figure 3. TD-coloring of 4 x n grid graph.

Case 2. Now suppose that = 2s and m = 2k + 1. First for TD-coloring of P, 0Py, by Case 1, we need kx’, (L)
colors. It remains to color a path P,. Therefore we need kx’,(Ly) + x4 (Px) colors to obtain a TD-coloring
of P,0P,. By the same argument in the proof of Theorem 3 we conclude that less colors cannot used for
TD-coloring of this graph. O

Now we consider graphs with specific construction. Let G be a connected graph constructed from
pairwise disjoint connected graphs G, ..., G as follows: Select a vertex of Gi, a vertex of G, and identify
these two vertices. Then continue in this manner inductively. Note that the graph G constructed in this
way has a tree-like structure, the G;’s being its building stones (see Figure 4). Usually say that G is obtained
by point-attaching from G;, ..., Gy and that G;’s are the primary subgraphs of G. A particular case of this
construction is the decomposition of a connected graph into blocks (see [6]).

Figure 4. Graph obtained by point-attaching from G; and Q(m, ), respectively.

As an example consider the graph Q(m, n) constructed in the following manner: consider the graph Ky,
and m copies of K, (see [6]). By definition, the graph Q(m, n) is obtained by identifying each vertex of K, with
a vertex of a unique Kj,, see Figure 4. The following theorem gives the TDC-number of Q(m, n):

Theorem 5. Let m,n > 2 be integers. For the graph Q(m, n) we have:

x4(Q(m,n)) =m+n—1.

Proof. We need colors 1,2,...,m to color the complete graph K,,. Now for the rest of vertices of Q(m, n), we
use colors m +1,m +2,...,m 4+ n — 1 in each Kj,. This gives a TD-coloring for Q(m, n). We shall show that
we are not able to have TD-coloring with less colors. Suppose that we omit one color class between numbers
m+1,m+2,...,m+n—1. Consider one copy of K, and simply call it G; and call the vertex which has no
color as v. We have to use one color from the numbers 1,2, ..., m to color v. Suppose that this color is i, where
1 < i < m. Then there is another copy of Kj;, say G, which has a vertex with color i (point attached vertex).
Also there is w € V(G,) such that has no color. We cannot color w withm+1,m+2,...,m+n — 1. Since w



Open J. Discret. Appl. Math. 2020, 3(2), 1-7 5

is not adjacent to v, so it cannot get an arbitrary color from 1,2, ..., m. Therefore we have to change the color
of avertexs € V(Gy) — {w} toj € {1,2,...,m}. But w is not adjacent to the vertex with color j in K;,. So
we cannot give the vertex w any color. By the same argument we cannot omit two color classes and so on.
Therefore x,(Q(m,n)) = m+n—1. O

Let to consider a special cases of point attaching of k graphs. Let Gy, Gy, ..., Gk be a finite sequence of
pairwise disjoint connected graphs and let x;, y; € V(G;). The link G of the graphs {G;}¥_, with respect to the
vertices {x;, yi}i‘{:l is obtained by adding an edge which connect the vertex y; of G; with the vertex x; 1 of Gj 1
foralli=1,2,..., k —1, see Figure 5, [6].

4n-1

Figure 5. The link graph and total dominator coloring of L ,, respectively.

Here we shall study the total dominator coloring of families of graphs which obtained by point attaching
from Gy, ..., Gy.

Theorem 6. Let G be a graph obtained by point attaching from Gy, ..., Gy. Then
Xa(G) < Xa(Gr) +xi(Ga) + -+ xa(G)-

Proof. Since we can use numbers 1,2,..., x4(Gy) for G; and use numbers x,(G1) +1, x4(G1) +2,..., x4(G1) +
X%(G2) for G, and continue this process, then we have a TD-coloring . Therefore we have the result. O

We shall show that the upper bound in Theorem 6 is sharp. For this reason, we consider a special kind of
link graph has shown in Figure 5.

Theorem 7. For the graph L¢ 2 , in Figure 5 we have:

X;(L6,2,n) =4n.

Proof. We color the vertices of Lgp, with numbers 1,2, 3, ..., 4n, as shown in the Figure 5. Observe that, we
need 4n color for TD-coloring. We shall show that we are not able to have TD-coloring with less colors. Note
that Lgp 1 is C and X;(C(,) = 4. Now we consider Lg 2. Two kinds of coloring of L¢ 7 » has shown in Figure 6.

3 6 3 6
4 2 5 5
3
1 7 7
2 8

Figure 6. Two kinds of total dominator coloring of Le 5.

We show that X;(L@z,z) = 8. If we want to omit one color class and use another color, then we cannot
have a TD-coloring. For example if we delete color 5, then

(i) We cannot use color 1, since a vertex with color 2 exists which is not adjacent to the mentioned vertecis.
(if) We cannot use colors 6, 7 (or color 2 in the right figure), since the coloring is proper.
(iif) We cannot use color 3 or 4, because the vertices with these colors are not adjacent with the mentioned
vertices.
(iv) We cannot use color 8 because the vertex with color 6 is not adjacent to the vertex with color 8.

Argument about the rest of the colors is the same. So we have x!(L¢p) = 8. Using this inductively
method have the result for Lg . O
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Here we investigate the relation of TDC-number of a graph G with TDC-number of G — ¢, where e € E(G):
Theorem 8. If G is a connected graph, and e = vw € E(G) is not a bridge, then
Xxa(G —e) < xa(G) +2

Proof. Suppose that the vertex v has color 7 and the vertex w has color j. We have the following cases:

Case 1. The vertex v does not use the color class j and the vertex w does not use the color class i in the
TD-coloring of G. So the TD-coloring of G gives a TD-coloring of G — e. Therefore x,(G —¢) < x4(G). In this
case x4(G —e) = x4(G).

Case 2. The vertex v uses the color class j but the vertex w does not use the color class i in the TD-coloring of
G. Since the vertex v used the color class j for The TD-coloring then we have two cases:

(i) If the vertex v has some adjacent vertices which have color j, then we give the new color ! to all of these
vertices and this coloring is a TD-coloring for G — e.

(i) If any other vertex does not have color j, since G — e is a connected graph, then there exists a vertex s
which is adjacent to v. Now we give the vertex s a new color I and this coloring is a TD-coloring for
G—e.

So for the Case 2, we have x%,(G —e) = x4(G) + 1.
Case 3. The vertex v uses the color class j and the vertex w uses the color class i in the TD-coloring of G. We
have three cases:

(i) There are some vertices which are adjacent to vertex v and have color j. Then we color all of them with
color /, and there are some vertices which are adjacent to the vertex w and have color i. We color all of
them with color k. So this is a TD-coloring for G — e.

(ii) Any other vertex does not have color j. Then we do the same as Case 2 (ii) and there are some vertices
which are adjacent to the vertex w and have color i. Then we do the same as Case 3 (i).

(iif) Any other vertex does not have colors i and j. Then we do the same as Case 2 (ii) and use two new colors
l'and k.

So we have x4, (G —e) < x4(G) +2. O

3. TDC-number of corona and join of graphs

In this section, we study the TDC-number of corona and join of two graphs. In the following theorem, we
consider graphs of the form G o H and study their TDC-numbers:

Theorem 9. (i) For every connected graph G, x4,(G o K1) = |V(G)| +1,
(ii) For every two connected graphs G and H,

Xa(G o H) < x3(G) + |V (G)|xq(H).
(iii) For every two connected graphs G and H,
Xa(GoH) < [V(G)| + |[V(H)|.

Proof. (i) We color all vertices of graph G with numbers {1,2,...,|V(G)|} and all pendant vertices with
another color, say, |V (G)| + 1. It is easy to check that we are not able to have TD-color of G o K with less
color. Therefore we have the result.

(ii) For TD-coloring of G and H, we need x(G) and x!(H) colors, respectively. We observe that if we
use x4(G) + |V(G)|x}(H) colors, then we have a TD-coloring of G o H. So x}(Go H) < x4(G) +
V(G)|xg(H).

(iii) We color the vertices of G, by |V(G)| colors and for every copy of H, we use |V (H)| another colors. We
observe that this coloring gives a TD-coloring of G o H. So x4(G o H) < |[V(G)| + |V (H)|.

O
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Remark 1. The upper bound for x’,(G o H) in Theorem 9(iii) is a sharp bound. As examples, for the graph
C4 0 Kp and Kj o K3 we have the equality (Figure 7).

6 5 [§ 5

Figure 7. Total dominator coloring of C4 o K; and Kj o K3, respectively.
Here, we state and prove a formula for the TDC-number of join of two graphs:
Theorem 10. Let G and H be two connected graphs, |V (G)| > 2and |V(H)| > 2, then
Xa(G + H) = x4(G) + xg(H).

Proof. For the TD-coloring of G + H, the colors of vertices of G cannot be used for the coloring of vertices of
H, and the colors of the vertices of H cannot use for coloring of the vertices of G, so

Xa(G+H) > xq(G) + xy(H).

Now, it suffices to consider the coloring of G and the coloring of H in the TD-coloring of G + H. Therefore, we
have the result. O
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