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Abstract: A topological index of graph G is a numerical parameter related to graph which characterizes its
molecular topology and is usually graph invariant. Topological indices are widely used to determine the
correlation between the specific properties of molecules and the biological activity with their configuration
in the study of quantitative structure-activity relationships (QSARs). In this paper some basic mathematical
operations for the forgotten index of complement graph operations such as join G; + Gy, tensor product
G1 ® Gy, Cartesian product G; X G, composition Gp o Gy, strong product Gy * Gy, disjunction G; V G and
symmetric difference G; & G, will be explained. The results are applied to molecular graph of nanotorus and
titania nanotubes.
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1. Introduction

heory of chemical graphs is the branch of mathematical chemistry that applies theory of graphs to
T mathematical modeling of chemical phenomena. In chemical graph theory a molecular graph is a
simple graph in which the vertices and edges represent atoms and chemical bonds between them. In this
paper, G be a simple connected graph with vertex set V(G) and edge set E(G). The number of elements in
V(G) and E(G) is represented as |V(G)| and |E(G)|, respectively. For a vertex u € V(G), the number of
vertices adjacent to the vertex u is called the degree of 1, denoted by é¢(u). The complement of G, denoted by
G, is a simple graph on the same set of vertices V(G) in which two vertices u and v are adjacent, i.e., connected
by an edge uv, if and only if they are not adjacent in G. Hence, uv € E(G), if and only if uv ¢ E(G). Obviously
E(G) UE(G) = E(Ky), and m = |E(G)| = (,) — m, the degree of a vertex u in G, is the number of edges
incident to u, denoted by Jé(u) =n—1—-9g(u) [1]. The well-known Zagreb indices introduced in [2] are
among the most important topological indices. The first and second Zagreb indices M; and M, respectively,
are defined for a molecular graph G as:

M(G)= Y %)= Y. [bc(u)+dc(0)], Mx(G)= Y. 6éc(u)ds(v).

veV(G) uveE(G) uveE(G)

The first and second Zagreb coindices have been introduced by Ashrafi et al.,, in 2010 [3], they are
respectively defined as:

Mi(G)= ), [bg(u)+dc(v)], Mx(G)= ), dc(u)dg(v).
uvgE(G) uv¢E(G)

Furtula and Gutman in 2015 introduced forgotten index (F-index) [4] which is defined as:

FG) = ¥ 6@ = ¥ (6*m) +55%0)).

veV(G) uveE(G)
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De et al., in 2016 defined forgotten coindex (F-coindex)[5] which is defined as:

FG) = ¥ (662m) +66%(2)).

uv¢E(G)

Then, De et al., in 2016 [6] computed the forgotten index of join G1 4 Gy, tensor product G; ® Gy, Cartesian
product G; x G, composition G; o Gy, strong product G1 * Gy, disjunction G; V G, and symmetric difference
G1 @ G, of two graphs. Here we continue this line of research by exploring the behavior of the forgotten index
under the same operations of complement graphs. The results are applied to molecular graph of nanotorus
and titania nanotubes. In recent years, there has been considerable interest in general problems of determining
topological indices and their operations [1,7-9].

2. Preliminaries

In this section we give some basic and preliminary concepts which we shall use later.

Lemma 1. [10,11] Let Gy and G, be two connected graphs with |V (Gy)| = ny, |V(Gy)| = ny, |E(G1)| = my, and
|E(Gp)| = my. Then

L V(G X G)| =[V(G1VG)| =[V(GloG)| = |[V(G1®Gp)| = [V(G1 % Ga)| = [V(G1 @ Go)| = mina,
[V(G1+ Go)| =m1 +na,

2. ‘E(Gl X Gz)‘ = MmNy + nimp,
|E(G1 % Gp)| = myng + nymy + 2mymy,
|E(G1+ G2)| = my + ma + nyny,
|E(G1 0 Gy)| = myng? 4 many,

‘E(Gl V G2)| = mli’lzz + TH2n12 — 2mymy,

|E(G1 ® G2)| = 2mymy,

|E(G1 @ Gy)| = m1n22 + 11121112 — 4mymy.

Proposition 1. [12] Let G be a simple graph on n vertices and m edges. Then.
F(G) =n(n—1)%—6m(n—1)* +3(n—1)M1(G) — F(G).

3. Discussion and main results

In this section, we study the forgotten index of various complement graph binary operations such as join,
tensor product, Cartesian product, composition, strong product, disjunction and symmetric difference of two

simple connected graphs. We use the notation V(G;) for the vertex set, E(G;), E(G;) for the edge sets, n; for
the number of vertices and m;, 7; for the number of edges of the graph G;, G; respectively. All graphs here
offer are simple graphs.

Definition 1 (Join). The join G; + G of two graphs G; and G; is a graph with vertex set V(G; + Gy) =
V(G1) UV(Gy) and edge set E(G1) UE(Gy) U{uv|u € V(Gy),v € V(Gy)}.

Theorem 1. The F — index of the complement of G + Gy is given by

F(Gi+Gy) = (m+m)(ng+np— 1)3 —6(my +my+nyny)(ny +ny — 1)2
+3(1’11 +ny — 1) [Ml(Gl) + Ml(Gz) + 1’111’1% + I’lzl’l% + 4mqyny + 47?121’11]
—[E(Gy) + F(Gp) + 3nuM1(Gy) 4 3ny My (Gy) + 6n3my + 6n3my + nyn3 + nons).

Proof. From Proposition 1, we have F(G) = n(n —1)3 — ém(n — 1)% + 3(n — 1)M1(G) — F(G), and since
Ml(Gl + Gz) = Ml(Gl) + Ml(Gz) + 1”1111% -+ 1’121’1% + 4myny + 4mynq, given in [10], F(G1 + Gz) = F(Gl) +
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F(Gy) + 3naMi(Gy) + 3n1 M1 (Gy) + 6n3my + 6n%m2 + nlng + nzn‘;’, given in [6]. and |E(G; + Gp)| = mj +
my +niny, |V(G1+ Gy)| = ny + ny given in Lemma 1. Then

F(Gi+Gy) = [V(G1+G)|(IV(G1+Ga)|—1)° = 6|E(G1 + Go)[([V(G1 + Ga) | — 1)
+3(|V(G1 + G2)| = 1)M1(G1 + G2) — F(G1 + G2)
= (n +np)(ny +ny —1)> = 6(my +my +nyny)(ny +ny — 1)
+3(ny + 12 — 1)[M1(Gy) + My (Gy) + nyn3 + non? + dmyny + 4mony |
—[F(G1) + F(Ga) + 3nyMy(Gy) 4 311 My (Go) + 6n3my + 61n3my + nyn3 + nond).

O

Definition 2 (Tensor product). The tensor product G; ® G, of two graphs G; and G; is the graph with vertex
set V(G1) x V(Gy) and any two vertices (u1,v1) and (up,v;) are adjacent if and only if uqu; € E(Gp) and
0107 € E(Gz).

Theorem 2. The F — index of the complement of G1 ® G is given by
F(Gi1®Gy) = mma(mny —1)° = 12mymy(nyng — 1)* + 3(nyng — 1)M1(G1)M1(Ga) — F(G1)F(Gy).
Proof. From Proposition 1 we have F(G) = n(n —1)3 — 6m(n — 1)> + 3(n — 1)M;(G) — F(G), and since

Ml(G1 ® Gz) = M1(G1)M1(G2) given in [13], F(G1 ® Gz) = F(G])F(Gz) given in [6] and |E(G1 ® G2)| =
2mymy, |V(G1 ® Gp)| = nyny given in Lemma 1. Then

[V(G1® G)|([V(G1 ® Gy)| —1)° = 6]E(G1 ® G2)|(|V(G1 ® Go)| — 1)?
+3(|V(G1 @ G2)| = 1)M1(G1 ® G2) — F(G1 ® Ga)
= mng(mny —1)° = 12mymy(nyng — 1)* + 3(nymg — 1) M (G1)M1(Ga) — F(G1)F(Gy).

F(G ®Gy)

O

Definition 3 (Cartesian product). The Cartesian product G; X Gy, of two simple and connected graphs G;
and G; has the vertex setV(G; x G) = V(G1) x V(Gp) and (a,x)(b,y) is an edge of G; X G, if a = b and
xy € E(Gp),orab € E(Gy) and x = y.

Theorem 3. The F — index of the complement of Gy x Gy is given by

F(Gi x Gy) = mnp(mny — 1)> — 6(myng + nymy) (nyny — 1)* + 3(nyna — 1)[naMy(Gy) + n1 My (Gy) + 8myms)]
—[1’12F(G1) + YllF(Gz) + 67112M1(G1) + 6m1M1(G2)].

Proof. From Proposition 1, we have F(G) = n(n —1)3 — 6m(n — 1)? + 3(n — 1)M;(G) — F(G), and since
Ml(Gl X Gz) = Vlel(Gl) + YllM](Gz) + 8mimy, given in [14], F(G1 X Gz) = nzF(Gl) + 1’11F(G2) +
6myMi(Gy) + 6myMi(Gy), given in [6]. and |E(Gy x Gy)| = myny +nymy, |V(Gy X Gy)| = nyny given in
Lemma 1. Then

F(GixGy) = |V(Gi*G)|([V(G1*Ga)| —1)> = 6]E(G1 * G)|(|V(Gy % Go)| — 1)
+3(|V(G1 * G2)| = 1)M1(G1 * Ga) — F(G1 * Ga)
= mm(nyny —1)° — 6(miny + nymy) (nyny — 1)
+3(n1nz — 1)[n2Mi(G1) + n1 M1 (Gz) + 8mymy]
—[n2F(G1) + mF(Gp) + 6myMi(Gy) + 6my My (Gy)].
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Definition 4 (Composition). The composition Gj o Gy, of two simple and connected graphs G; and G, with
disjoint vertex sets V(Gy) and V(G,) and edge sets E(G1) and E(G,) is the graph with vertex set V(Gy) x
V(Gy) and u = (uq,v1) is adjacent with v = (up,v,) whenever (u; is adjacent with u,) or {1y = up and vy is
adjacent with v,}.

Theorem 4. The F — index of the complement of Gy o Gy is given by

F(Gl ¢} Gz) = 1’11}’12(1’11712 — 1)3 — 6(m1n22 + Tl’lzﬂl)(l’lll’lz — 1)2
+3(nyny — l)[n%Ml(Gl) + TllMl(Gz) + 8n2m2m1]
—[n3F(G1) + n1F(Ga) + 6n3maMy (Gy) + 6n2m1 My (Gy)]-

Proof. From Proposition 1, we have F(G) = n(n —1)3 — 6m(n — 1)?> + 3(n — 1)M;(G) — F(G), and since
M;(Gy 0 Gy) = n3M;(Gy) + miM1(Gy) + 8npmamy, given in [14]. F(Gy o Gy) = n3F(Gy) + mF(Gy) +
6n%m2M1(G1) + 6n2m1M1(G2), given in [6]. and |E(G1 o Gz)‘ = mlnzz + mony, ‘V(G1 o G2)| = npny given
in Lemma 1. Then

F(GioGy) = [V(G1oG)|(|[V(GroGy)|—1)° =6|E(G1oG)|(|V(GioGy)|—1)?
+3(|V(G10G)| = 1)M;1(G1 0 Gp) — F(G1 0 Gp)
= mnp(mny —1)° — 6(myny® + myny) (nyny — 1)
+3(nyny — 1)[m3M1(G1) + n1M1(Gy) + 8ngmym]
—[n5F(Gy) + 1 F(Ga) + 6n3maM; (Gy) 4 6nami My (Gy)].

O

Definition 5 (Strong product). The strong product G; * Gy, of two simple and connected graphs G; and G, is
a graph with vertex set V(G * Gy) = V(G1) x V(G;) and any two vertices (u1,v1) and (up,v;) are adjacent if
and only if {u; = up € V(Gy) and v10; € E(Gp)} or {vg = v, € V(Gy) and uquy € E(Gy)).

Proposition 2. [15] Let Gy, Gy be two graphs with ny, ny vertices and mq, my edges, respectively. Then
M;(Gy % Gp) = (np + 6my) M1 (Gy) + 8mamy + (6my + n7) M1 (Gy) + 2M1(G1)M1(G).
Theorem 5. The F — index of the complement of Gy * Gy is given by

F(Gi#Gy) = mna(niny —1)% — 6(myng + nymy + 2mymy) (nyny — 1)
+3(nyny — 1)[(ny + 6my) My (Gy) + 8mamy + (6my + n1) My (Ga) + 2M1(Gr) M1 (Gy)]
—[n2F(G1) + mF(G) + F(G1)F(Gz) + 6ma My (Gy) + 6m1 My (Gy)
+6myF(Gr) + 6m1F(Gy) + 3F(G2)M1(G1) 4 3F(G1)Mi(Gz) + 6M; (G1)M1(G2)].

Proof. From Proposition 1, we have F(G) = n(n —1)3 — 6m(n — 1)?> + 3(n — 1)M;(G) — F(G), and since
M;(Gy * Gp) = (np + 6my) My (Gy) + 8mamy + (6my + n1)Mq(Gz) + 2M;(G1)M;(Gz), given in Proposition 2,
and by [6] we have

F(Gi1*Gy) = mF(G1)+mF(Gy) + F(G1)F(Gy) + 6maMy(Gy) + 6M;(G1)M1(G)
+6m1M1(G2) + 6TTZ2F(G1) + 6TVZ1F(G2) + 3F(G2)M1(G1) + 3F(G1)M1(G2).

And since |E(G1 * G2)| = myny + nymyp + 2mymy, |V(G1 * G2)| = nyny, given in Lemma 1. Then

F(Gi*Gy) = |V(G1#G)|(|[V(GyGa)| —1)° = 6|E(Gy1# Go)|(|V(Gy % Gp)| — 1)
+3(|V(G1 * Gz)‘ — 1)M1(G1 * Gz) — F(Gl * GQ)
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= mmp(niny —1)° — 6(myny + nymy + 2mymy ) (nny — 1)2
+3(n1na — 1)[(n2 + 6ma) My (G1) + 8mamy + (6my +n1) My (Ga) + 2M1(G1)M1(G2)]
—[n2F(G1) + mF(Gy) + F(G1)F(Gz) + 6maMi(Gr) + 6m1 My (Gz)
+6myF(Gr) + 6m1F(Ga) + 3F(G2) M1 (G1) 4 3F(G1) My (Gz) + 6M1 (Gr1)M1(G2)].

O

Definition 6 (Disjunction). The disjunction Gy V G, of graphs G; and G; is the graph with vertex set V(Gy) x
V(Gy) and (u1,v1) is adjacent with (u3,v;), whenever (uq,uy) € E(Gy) or (v1,v2) € E(Gy).

Theorem 6. The first Zagreb index of Gy V Gy is given by
M](G] V Gz) = [n% — 4n2m2]M1(G1) + [Tl? — 4n1m1]M1(G2) + 8nynoymymy + Ml(Gl)M1<G2).
Theorem 7. The F — index of the complement of Gy V Gy is given by

F(GIVGy) = mnp(mny — 1) —6[myna® + myny? — 2mymy) (nyny — 1)*
+3(nyny — 1) [[n% — 4nymy) M1 (Gy) 4 [13 — 4nymy )My (Gy)
+8nynamymy + Mi(G1) M1 (Ga)] — [13F(G1) + niF(Ga) — F(G1)F(Ga)
+6n1m3myM (Gy) + 6nanimi My (Gy) + 3n2F (Gp) My (Gy) + 3n1 F(Ga) My (Gy)
—6n§m2F(Gl) — 6n%m1F(G2) — 6111, M1(Gy) M1 (Gz)].

Proof. From Proposition 1, we have F(G) = n(n —1)> —6m(n —1)?+3(n —1)M;(G) — F(G), and by Theorem
6 and [6], respectively, we have

Mi(G1V Gy) = [ —4nomy]My(Gy) + [15 — dnymy My (Gy) + 8nynymymy + My (Gy) My (Gy).

F(G1V Gy) = n3F(Gy)+ niF(Gy) — F(Gy)F(Go) + 6nyndmyM;(Gy)
+6nyn3m1 My (Gy) + 3n2F(G1) M (Ga) + 3n1F(Go) My (Gy)
—61’[%1’/’12F(G1) — 611%1111F(G2) — 61’[11’[2M1(Gl)M1(G2).

And since |E(Gy V Go)| = myno? +myn? — 2mymy,  |V(Gy V Gy)| = nyny given in Lemma 1. Then

F(GIVG) = [V(GVG)|(IV(G1VGy)|=1)° = 6]E(G1V G)|([V(G1V Gy)| —1)
+3(IV(G1V G2)| = 1)M1(G1 V Ga) — F(G1 V G)
= mmp(niny — 1) — 6[myny? + mony? — 2mymy) (nyny — 1)2
+3(nyny — 1) [[13 — 4nama )My (Gy) + [1n5 — dnymy )My (Gy)
+8nymamymy + Mi(G1)M1(Ga)] — [13F(Gr) + niF(Ga) — F(G1)F(Ga)
+6n1m3myM (Gy) + 6nanimi My (Gy) + 3n2F (Gy) My (Gy) + 3n F(Ga) My (Gy)
—6n3myF(Gy) — 6n2myF(Gy) — 6n1naMy (G1) M (Gy)].

O

Definition 7 (Symmetric difference). The symmetric difference G; ® Gy, of two simple and connected graphs
G1 and G, is the graph with vertex set V(Gy) x V(Gz) and E(Gy @ Gy) = (uy,u2)(vy,v2)|u1v17 € E(Gy) or
upvy € E(Gy) but not both.

Theorem 8. The first Zagreb index of G ® Gy is given by

M1(G1 D Gz) = [1’1% — 81’[21’1’12]M1(Gl) + [i’l% — 81’[1}’711]M1(G2) + 81’1171277’[17112 +4M1(G1)M1(G2).
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Theorem 9. The F — index of the complement of G1 & Gy is given by

F(Gi®Gy) = mmy(ning —1)3 — 6[myny? + momy® — dmymy](niny — 1)2
+3(nyny — 1) [[13 — 8nyma] My (Gy) + [ — 8nymy )My (Gy)
+8nynymymy +4M;(G1)Mi(Gp)] — [n3F(Gy) + niF(Gy)
—8F(G1)F(Ga) + 6nyn3myM;(Gy) + 6non?my My (Gy)
+12n,F(Gy) M1 (Ga) + 1211 F(G2) M1 (Gy) — 121n3m,F(Gy)
—12n3m1 F(Gy) — 120112 M1 (G1) M1 (Ga)].

Proof. From Proposition 1, we have F(G) = n(n—1)% —6m(n —1)? +3(n — 1)M;(G) — F(G), and by Theorem
8 and [6], respectively, we have

Ml(G1 @ Gz) = [T’Zg — 81121’)’[2]M1(G1) + [7’1? — 81’[11’111]M1(G2) + 87117127}’[11’112 +4M1(G1)M1(G2).

F(G1®Gy) = n3F(Gy)+niF(Gy) —8F(Gy)F(Gy) + 6nynzmyM;(Gy)
+6mn3my My(Gy) + 12n5F(G1) My (Ga) + 1211 F(Go) My (Gy)
—12n3myF(Gy) — 12n3myF(Gy) — 12nyny My (Gy) M1 (Go).

And since |E(G; @ Gp)| = myno? + moni? — dmymy,  |V(Gy @ G,)| = nyny given in Lemma 1. Then

FGi&G) = |[V(GIaG)(IV(G @ G)|—1)° —6|E(Gr & G)|([V(G1 & Gy)| — 1)

+3(|[V(G1 & G2)| = 1)M1(G1 & G2) — F(G1 @ &)

= mny(nyny —1)% — 6[myny? + mony? — dmymy](nyny — 1)2
+3(nyny — 1) [[13 — 8ngmp] My (Gr) + [n] — 8nymy | My (Gy)
+8n1nymymy +4Mi(G1)M1(Gy)] — [n3F(G1) + niF(Gy)
—8F(G1)F(Ga) + 6nyndmyM;(Gy) + 6non?my My (Gy)
+12n2F(G1)M1(Gp) + 1211 F(Gp) M1 (Gy) — 12n3maF(Gy)
—12nfm1 F(Gy) — 12011, M1 (G1) M1 (Ga)].

4. Application

In this section, the forgotten index have been investigated for complement titania TiO, nanotubes and
molecular graph of nanotorus.

Corollary 1. The forgotten index of complement TiO,[n, m] nanotube Figure 1 is given by

F(TiOy[n,m]) = (6mn+ 6n)(6mn +6n —1)> —4(10mn + 8n)(6mn 4 6n — 1)
+3(6mn + 6n —1)(76mn + 48n) — 320mn — 160n.

Proof. By Proposition 1, we have F(G) = n(n —1)3 —4m(n — 1)? + 3(n — 1)M1(G) — F(G), and since
F(TiOy[n,m]) = 320mn + 160n, and M;(TiOy[n,m]) = 76mn + 48n given in [16]. In [17] the partitions of
the vertex set and edge set ) |V (TiO,[n, m])| = 6mn + 6n, Y |E(TiOz[n, m])| = 10mn + 8n of titania nanotubes.
Then

F(TiOy[n,m]) = Y |V(TiOz[n,m))|(}_|V(TiOz[n,m])| —1)* —4 Y |E(TiOz[n, m))|(}_ |V (TiOz[n, m])| — 1)
+3(}_ |V(TiOy[n, m])| — 1) My (TiOx[n, m]) — F(TiOz[n, m])
= (6mn + 6n)(6mn +6n —1)° — 4(10mn + 8n)(6mn + 6n — 1)
+3(6mn + 6n — 1)(76mn + 48n) — 320mn — 160n.
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Figure 1. 2-Dimensional Lattice of molecular graph of TiO;[n, m] nanotube (1, m € N).

Corollary 2. Let T = T[p, q] be the molecular graph of a nanotorus such that |V (T)| = pq, |E(T)| = 3pq, Figure 2.
Then

a. F(T[p,q]) = pql(pq —1)*(pqg —7) +27(pq — 1) — 27].
b. F(P, x T) = pq[125n — 122].

c. F(Py x T) = pq[(npg — 1)*(n®pq — 11n + 4) + 3(npq — 1)(25n — 18) — 1251 + 122].

Proof.  a. By Proposition 1, we have F(G) = n(n — 1) —4m(n — 1)2 + 3(n — 1)M;(G) — F(G), and since
M;(T) = 9pq given in [14]. and F(T) = 27pq given in [18]. Then

F(T[p.q]) = [V(T)|(IV(T)| —1)* = 4|E(T)|(|V(T)| — 1)* + 3(|V(T)| — 1)M;(T) — F(T)
= pq(pg—1)° —6pq(pq —1)* +27pq(pq — 1) — 27pg
= pal(pa —1)*(pq —7) +27(pg — 1) — 27].

b. By F(G1 x Gp) = nF(Gy) + n1F(Gy) + 6maM;(Gy) + 6miM;(Gy), given in [6]. and since M;(P,) =
4n — 6, M1(T) = 9pq given in [14]. and F(P,) = 8n — 14, F(T) = 27pq given in [18]. Then

F(PyxT) = |V(T)|F(Pa) +[V(Pa)[F(T) + 6|E(T)[M1(Py) + 6|E(Pn) M1 (T)
= 2pq(4n —7) +27npq+ 18pq(2n — 3) + 54pg(n — 1)
= pq[125n —122].

c. By [19], My(P, x T) = pq(25n — 18), and by using Lemma 1, |[E(P, x T)| = pq(3n — 1), |[V(P, x T)| =
npq, and applying Proposition 1 and item (b) we get

F(PuxT) = |V(PyxT)|(|V(PyxT)|—1)%—4|E(Py x T)|(|V(Py x T)| —1)?
+3(|V(Py x T)| = 1)M;(Py x T) — F(Py x T)
= npq(npg—1)° - 4P‘1(§” —1)(npg —1)?
+3pq(npg —1)(25n — 18) — pq[125n — 122]
= pql(npg —1)*(n®pq — 11n 4 4) + 3(npg — 1)(25n — 18) — 1251 4 122].
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Figure 2. Molecular graph of a nanotorus

5. Conclusion

The forgotten index one of the most important topological indices which preserve the symmetry

of molecular structures and provide a mathematical formulation to predict their physical and chemical

properties. In this article, we computed the forgotten index of some basic mathematical operations and
obtained explicit formula for their values under complement graph operations, and we computed the forgotten
index of molecular complement graph of nanotorus and titania nanotubes TiO;[n, m].
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