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Abstract 
 

In this paper, we will obtain the necessary and sufficient conditions for the analysis of the position of 
local symmetry on an arbitrary Riemannian manifold. These conditions are devoid of the aspects of Lie 
groups, and thus can be used in calculations of procedures, without interfering with the concepts of Lie 
groups, and improve intuitive attitudes. Also, we will study and create equivalent conditions for a 
situation where a two-metric homogeneous Riemannian manifold is located symmetrically. In addition, in 
this paper it is stated that the symmetric space (M, g) can be seen as a homogeneous space G/K. Also, 
one-to-one correspondence between the symmetric space and the symmetric pair is shown, and curvature 
is studied on a symmetric space. 
 

 

Keywords: Symmetric space; Riemannian symmetric space; Semi-Riemannian symmetric space. 
 

1 Introduction 
 
For physical reasons, space-time structures are defined as smooth and connected four-dimensional 
Lorentzian1 manifolds. That is, the metric g has a sign (1, 3). The study of this category of metrics is in the 
                                                      
1 Hendrikus Albertus Lorentz (1853-1928) 
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category of semi-Riemannian metrics, that is, unlike the Riemannian metrics, the condition of positivity is 
not obligatory. In other words, semi-Riemannian metrics are indefinite [1]. 
 
The study of semi-Riemannian metrics has many similarities to Riemannian metrics. Therefore, some of the 
properties can be extended from the Riemannian manifolds to the semi-Riemannian manifolds such as the 
presence of geodesics and space forms with constant sectional curvatures. However, there are many 
differences in the study of indefinite metrics. For example, each self-adjoint operator, such as Ricci 2 
operator, is diagonalizable in the Riemannian geometry, while this feature is not necessarily established for 
semi-Riemannian metrics. Some of the features can be studied for semi-Riemannian metrics without the 
possibility of examining their matches for Riemannian metrics, such as extending of shear bending study to 
degenerate plates, the presence of degenerate distributions or the presence of non-diagonalizable operators. 
In fact, the presence of Jacobi3 degenerate operators results in asymmetric Osserman semi-Riemannian 
manifolds, or the presence of asymmetric complete complex Einstein hyper surface processes on indefinite 
flat spaces is also justified in this way [2-5]. 
 
An essential feature regarding semi-Riemannian metrics is lack of one-to-one correspondence to the Levi-
Civita connection. We know that correspondence to each metric (Riemannian, semi-Riemannian) there is a 
unique Levi-Civita connection. If the manifold does not have a local de Rham decomposition, the opposite 
of this is established for the Riemannian metrics to multiplication limit of a constant value. But this 
correspondence is not established for semi-Riemannian metrics, that is, due to the presence of parallel 
degenerate vector field there are metrics that define the same Levi-Civitta connection, but they are not a 
constant multiple of the initial metric. It should be noted here that, unlike the Riemannian metrics, due to the 
indefinity of the semi-Riemannian metrics, the presence of parallel degenerate distributions does not result in 
local reducibility [6]. 
 
A semi-Riemannian manifold that has a parallel degenerate distribution is called Walker4 manifold. This 
type of metrics was first studied by Arthur Geoffrey Walker in 1950. Any Walker metric can be written to 
the standard form using a suitable local coordinate [7]. 

  

2 Riemannian Symmetric Space  
 
We study the Riemannian state on symmetric space, which ends up the type as follows [8]. 
 
Definition: 
 
A Riemannian symmetric space is a S Riemann manifold with the property that reflectional geodesic at each 

point is an isometry of S. Otherwise, for every Sx  there is )(SIGS x   (isometric group of S) 

with these properties: 
 
 

 
Which is called isometry of Sx in symmetric x. 
 

First, the result of this definition: S is generally geodesic. If we define geodesic 


on [0, S), we want to 

reverse 
)(tS  by 

),2/( SSt 
. So. We want to extend S, in addition S is homogenous.     

 

                                                      
2Gregorio Ricci-Cubastro (1853-1925) 
3Carl Gustav Jacob Jacobi (1804-1851) 
4Arthur Geoffrey Walker (1909-2001) 

IdSxxS xxx  )(,)(
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For both points of 
Mqp ,

there is an isometry so that the mapping P is on q, in fact the connection of 

pq,
is by the line segment of geodesic 


(because S is complete) and suppose 

m
, then 

qpSm )(
. So G is a transitive action and suppose the point SP is a constant basis for it. The 

subgroup of package
})(;{ ppgGgGP 

is called isotropic group which is shown with K. The 

differential at the point P for each Kk   is a step orthogonal conversion of 
STP . The determinant of 

isometry K is by the differential PdK . Then we want to show K is subgroup of a package of 
)( STO P (the 

step orthogonal group is on STP ) and is an embedding of PdKK  that is called isotropy play, K is 
compressed in this section. If S is the homogenous space, the isotropy group is an orthogonal action then S is 

symmetric. If and only of if there is one symmetry PS for SP .  
 
Definition: 
 

A Riemannian symmetric space of HGM /  is compressed if killing from B to G is indefinite and it is 
non-compressed, if the infinite negative B is on b and the definite positive is on M. 

 
Theorem: 

  
Suppose M = G / K is a Riemannian symmetric space. 

 

1) If M is compressed, then 0K and 0Ric because M is compressed and )(1 M is finite. 

2) If M is non-compressed, then 0K and 0Ric  because M is diffeomorphic of the Euclidean space 

Rn (which is simple connected). In addition, G is a diffeomorphic of 
nRH  . 

 
Proof: 

 
1) Myers theorem can be used for a. in fact, M is complete and since Ric is definite positive and maintains 

0),( auuRic  on a same circle in some of  )(MTP . 

 
2) For the second part using a proposition (a Riemannian homogenous manifold which has simple connected 

0Ric and 0K ) which shows M is simply connected. Therefore, using Hadamards theorem, M is a 
diffeomorphic of Rn and also it has pole. Therefore this lemma shows this claim about G. We have to 
calculate the curvature only in cases where the tensiometer in M is caused by internal multiplication of 

mcB  . where B is a Killing of G and C is constant so that 0C , if M is non-compressed. But 0C , 
if M is non-compressed. 

 
In the general state that is used in linear algebra types in this case:  
 

MYforXYXQYXYXCBYXK  ,),(/]),[],,([),(
 

 

Then ],[ YX , so considering the definition it results that in the compressed state 0K and in 

the non-compressed state 0K . 
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Since M is Riemannian and following that 0Ric and 0Ric , respectively. Therefore, what remain 

shows 0),( XXRic  and this implies that 0X . 

 

And suppose XEEn ,..... 2 is the orthonormal for m that does not change in any state of K because: 

 

 for all i,    0),(0),(  iEXKXXRic  

                          0]),[],,([  ii EXEXB    for all i, 

                          
0]),[],,([  YXYXB    for all mY  ,      

 

Because mcB   is the internal multiplication and following this 0],[ YX and 0)( mad x and 

since 0)(],[)(  madXadadad xxxx   and this results us and by definition of killing 

the form 0),( XXB  then 0X . 

 
If M is a Riemannian symmetric space, the identity component G of the isometric group M is a transitive 
action of Lie group on M (M is Riemannian homogenous).  
 
Therefore, the point P from M is constant and M is a diffeomorphic from submultiple of G / K where K is 

the isotopic group the action G on M at point P. An isometric action of K on )(MTP is obtained by 

differencing in P. therefore, K is a subgroup of the orthogonal group on )(MTP so it is compressed.   

 

In addition, we show SP as MMSP :  which is symmetric to geodesic of M at the point P that the 

mapping PP ShSh  and GG :  is an automorphism extension of Lie group so that 

the isotopic group K- included is between the constant point of group   and this is the identity component 
(so it is an open subgroup).  
 
In short, M is a symmetric space of G / K with the isotopic group component of K. As a result, the 
symmetric space to the compressed isotopic group is Riemannian symmetric space.   

    
So the structure of Riemannian symmetric space is an internal multiplication of K-constant on tangential 
space of G / K in the identity eK. So that there is always the average of an internal multiplication and since 
K is compressed so a constant Riemannian meter of g on G / K is obtained by the action G.  
 

We show that G / K is Riemannian symmetric. Suppose each p = hk and Gh  
 
And we define:   
 

KhhhKhMMSP )(,: 1    
 

Where extended � is from G of constant K. Then, we fist examine that SP is an isometry. 
 

In fact, PPSP )( and IdSP  on )(MTP . therefore, SP is a symmetric geodesic and since P is 

arbitrary so M is a Riemannian symmetric space.  
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3 Spherical Riemannian Symmetric Space 
 
Suppose M is a Riemannian manifold with Riemannian structure of Q; M is called an analytic Riemannian 
manifold, if M and Q are both analytic. 
 
Definition: 
 
Suppose M is an analytic Riemannian manifold; M is called spherical Riemannian symmetric, if each 

MP  is a constant point separated from an isometric extension of SP from M [9].   
 
Lemma: 
 

Suppose M is spherical Riemannian symmetric. For each MP  there is a vertical NP neighborhood of 

MP  so that SP is geodesic symmetric on Np. 
 

Suppose )( PdSA  , then PP MAM   and IA 2
; we write: and we see that 

)(2/1)(2/1 AXXAXXX   (direct summation) where }:{ XAXXV 
. 

  

Suppose 0X belongs to 
V , consider a   geodesic tangential to X, then SP eliminates the point 

constant of  . and this assumption is contradictory that P is a separate constant point. Therefore 1A . 

Suppose M is a spherical Riemannian symmetric and   is any geodesic in M. If P  and .PS is an 

extension of  . also each maximal geodesic in M has as infinite size.  

 

Therefore, M is complete and the both Mq and P can be a geodesic connection of the size d(p,q). If m is 

the middle point of the geodesic, then Sm is the convertor of P and Q. in this section of group I(M), the 
transitive action is on M. where I(M) has a countable basis in the compressed open topology and a transitive 
and the topologic convertor group is locally compressed M. And suppose K is a subgroup of I(M), then K is 

compressed as well and I(M) / K is a homomorphism of M under the mapping of ggk   and 

)(,0 MIgp  .  

 
Lemma: 
 
Suppose M is a spherical Riemannian symmetric space, then I(M) is an analytic structure compatible with 
the compressed open topology of a Lie conversion group from M.   
 

Theorem: 
 

(i) Suppose M is a spherical Riemannian symmetric space and P0 is any point in M. if )(0 MIG 

and K is a subgroup of G with eliminating the constant P0. Then, K is the compressed subgroup 
of the connected group of G and G / K is analytic diphymorphic to M under the mapping of

ggk   and gg   and P0. 

(ii) The mapping of 
00

: PP gSSg  is an automorphism extension of G. so that K is also a 

closed group of (for all constant points of � and identity components of K�). The group -K 
does not include the natural subgroup of G, otherwise {e}. 

(iii) Suppose g and   show Lie algebra of G and K, respectively, then })(:{ XXdgX e  

and if })(:{ XXdgXP e   , we have Pg    (direct summation). 
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Suppose π shows the natural mapping of gg  ; P0 of G is on M, them (dπ)e is the image of into {0} 

and also P is an isomorphic on 
0PM . If PX  , then geodesic caused by P0 with the tangential vector of 

Xd e)(  is obtained by the following relation.  

 

   0. .exp)( PtXtXd            ))(( edd  
 

 

If 
0PMY  , then )()exp(

0
YtXd P  is the parallel transition of Y along the geodesic.   

 
Propositions: 
 
Suppose (G, K) is pair of Riemannian symmetric space and suppose π shows the natural mapping of G on G 
/ K and 0 = π(e) and also suppose � is an analytic extension automorphism of G so that 

 KKK 0)( . In each Riemannian structure of constant –G; Q is on G / K and the manifold of G / 

K is a spherical Riemannian symmetric space that the symmetric geodesic of S0 below is true [10]:   
 

  00 )())(( SgSg           0S      Gg   
 
Where S0 is independent of Q selection. 
 
Note: 
 
The we see that the Riemannian connection on G / K is independent of Q selection.  
 
Proof: 
 

Assume � is an arbitrary analytic extension automorphism of G so that  KKK 0)( . 

 

More simply, we write d� and dπ instead of ed )(   and ed )(  ; suppose g and   show  Lie algebra of G 

and K, as a result }:{ XXdgXP   . Then Pg    (direction summation) 

 

And if PX  and K  then 
1)exp())((exp  TxtXAd . Also 

XAdXAdd )()(  . Therefore, P is constant under )(KAdG . The mapping of dπ is the image 

of g on T0 which is a tangential space to G / K in 0 and the kernel of dπ ,  . As a result, the isomorphism of 

P on T0 is changeable with action of K and PXK  , ; )().()(. XddXAdd   . 

  
In fact, this formula is immediately a sequence of the relation below: 
 

)(exp)()exp())((exp 1 tXtXtXAd   
. 

 
Because AdG(K) is a compressed group in the relevant topology of GL(g) and there is a degree 2 infinite 

absolutely positive for B on constant –P under AdG(K). Then the form 
1

0 )(  dBQ  on T0 is 

constant under all mappings of )(d and k . 
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Suppose the symmetric bilinear correspondence is on 00  which is shown by Q0. For each KGP /

the bilinear form of QP on PP KGKG )/()/(  is shown by 000 , YX  and 

),())(,)(( 00000 YXQYgdXgdQP  . Where Gg  so that Pg 0. . The constancy on B 

under AdG(K) guarantees well-defined QP.   
 

Because each Gg   and )(g is an analytic diffeomorphism of G / H which shows PQP  is a 

Riemannian analytic structure on G / K under an action of –G; and once more each Riemannian analytic 
structure the constant –G on G / K occurs for a second degree constant on P. 
 

We define the mapping S0 of G / K on itself by   0S . Then, S0 is an automorphism extension 

of G / K on itself and IdS 00 )( . We see that S0 is an isometry. 

 

And suppose Gg  and 0).(GP  and PKGYX )/(,  . Then the vectors ygdX )( 1
0

  and 

ygdY )( 1
0

  belong to T0 . And the formula   0S is true for each Gx and 

))())((()()()())(( 00 xkSgkxgkgxxkgS     and 00 ))(()( SggS     also: 

therefore: 
 

),(),(),(

))(,)((),(

000000

000000

YXQYXQYdSXdSQ

YgddSXgddSQYdSXdSQ



 

 
 
Therefore, S0 is an isometry and close to 0 it has to be coincident with the symmetric geodesic. For an 

arbitrary point 0).(gP   in G / K; geodesic is symmetric by )()( 1
0

 gSgS P   . 

 
Where this is an isometry and the space G / K is a spherical Riemannian symmetric space and this is the end 
of proving.  
 

4 Semi-Riemannian symmetric Space 
 
Definition: 
 
A semi-Riemannian symmetric space is a connected semi-Riemannian manifold of M so that for each 

MP  there is a unique isometry where MMP : that the identity differential mapping is on 

)(MTP . Where the isometry P is called spherical symmetric of M in P because through P it is an 

inverse of geodesics and P is unique for all Ms and is symmetric local geodesic in P so it is isometry.  

    
Theorem: 
 

Suppose M and M are complete and connected and local semi-Riemannian symmetric manifold which is 

simple connected by M; if )()(:
00 MTMTL  is a linear isometry which maintain the curvature. 

Then there is a unique semi-Riemannian covering mapping where 
MM :

so that Ld 0 .    
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Example: 
 

Suppose 
nRS  is with Euclidean meter;

nRx is symmetric at each point and the reflectional point 

of vxvxS x  )( . The E(n) Euclidean group produced by the transmission is an isometry group 

where the linear mapping is step orthogonal and the isotopic group from origin O is also the step orthogonal 
group O(n). Pay attention that the symmetries do not produce the complete isometric group E(n), except for 
a subgroup that is a sequential extension of the transmission group. 
 
Example:  
 

Suppose 
nSS  is a unit sphere in 

1nR with standard scalar multiplication. The symmetry in each 

nSx  in the line Rx  in 
1nR is reflectional and xxyyyxx  ,2)( ; in this mode, the 

produced symmetry is a complete isometry group with the step orthogonal group )1( nO . where the 

isotropic group of the last standard step vector 
T

ne )1,0,...,0(1   is equal to )1()(  nOnO   

 
Example: 
 

Rn is symmetric because for each point of P the mapping xPxP   is an isometry and the sphere Sn 
is also symmetric. 
 
Example: 
 

)(/)1( nSOnSOS n  of unit sphere in
1nR and Sn with symmetry of in )0,...,0,1(0   is 

symmetric by transmission ),...,,(),...,,( 1010 nn tttttt  .  

 
Lemma: 
 
The semi-Riemannian symmetric space is complete.    
 
Proof: 
 

We show that the geodesic Mb ),0[: is extensible and select b near the range c and suppose  is 

spherical  symmetric in )(c and since  is geodesic inverse by )(c  and is again parametrization of 

o which expresses an extension of  .  
 

Note: 
 

Local semi-Riemannian symmetric manifold is complete, simple connected and symmetric. 
   

Proof: 
  

At each point MP the identity linear isometry on )(MTP  maintains the curvature. Therefore, 

using the above theorems MM  can be obtained. It is a semi-Riemannian covering mapping 

MM : so that idd P   because M is simple connected and  is an isometry.  
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Lemma: 
 

If  is a symmetric sphere of HGM / in zero the mapping  gg :  where g is an 

automorphism extension of G the set })(:{)( ggGgFixF    is constant points 

of � that a closed subgroup of G so that FHF 0 . 

 
Proof: 
 

Since   is extended and  1
. Then � is connection of  so � is an extended automorphism and F 

is a close subgroup of G. If Hh , then the image of derivative from isometry of )(h in zero is 

000  ddhd . where it is only 0dh since idd 0  because M is connected and hh )(  then

FH  . 
 

Now we show that HF 0  because F0 is connected by attachment B produced by points )(t from 

one-parameter subgroup of F0. Then it is enough to show Ht )( but )())(( tt   and 

because  ),(t is inverse ; therefore:  

 

0)()0()()0)(( ttt         for all t. 

 

Because 0 is the only constant point of symmetry , provided that 00)( t . Therefore, )(t is a 

isotopic group H of zero. 
 
Proposition: 
 
Suppose M = G / H is a semi-Riemannian symmetric space, show: 
 

1) The geodesic starts from zero with assumptions as follows: 

 )(0)()( tttXd   where α is a one-parameter subgroup of Mx . 

2) The curvature tensor in zero is equal to ]],,[[ zyxdZRXY  where )(,, 0 MTZYX 

under corresponding with d  to X and mZY , . If x,y their length is non-degenerate, then:   

 

),(/],],,[[),( YXQYXYXyxK 
 

 
Proof: 
 
Since M = G / H is naturally reduced of Lie sub-space m which results the formula of sectional curvature. 

Because for mYX ,  and ],[ yx  now we first study the below multi-linear function: 

 

 WZYXWZYX ],],,[),,,(
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Where it is curved on m which is obviously left symmetric in Y, X. where periodic symmetry in Z, Y, X is 

only with Jacobi identity. As a result, ],[ YX because is left symmetry in W, Z so in fact, m with 

Scalar multiplication is constant on it.  

 
Theorem: 

 
Suppose H is a closed subgroup of a connected Lie group of G and suppose � is an extension of 

automorphism G so that )(0 FixFHF  . 

 
Then each tensor meter constant –G on M = G / H results in a semi-Riemannian symmetric space of M so 

that    where  is local symmetric of M in 0 and the proposition π is of MG  .   

 
Proof: 
 

(a) There is a unique function MM : so that    . If Gg  , then

)()( gg   is a fixed definition because 21 gg   , that is HgHg 21  , and because 

� is constant of H; then HgHg )()( 21    where 21 gg   . 

(b)  is a diffeomorphism where  is a usual smooth derivative for the existence of a local action of 

submersion π because is extended therefore  1
. 

(c) idd 0 eventually 0)0(  . If )(0 MTy  , gY  so that YYd )( and

yYd )( then:  

 

yYdYddYddyd  )()()()(   

,,inf..)( GforallaactGforgd gg    

.)()()()( aaaggagaa ggg      

 

(d) For each tensor meter of constant –G on  M; is an isometry, if )()( 00 1 MTvdv
g

 

and suppose )()( 00 1 MTvdv
g

  . Then using the equation (c), (d) we have:  
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

vvvv

vdvdvddvdd

vddvddvdvd

gg

gg





  

 

Proof of the theorem is complete observing if a homogenous space has local symmetry   at a point of 0, the 

other one is at any )0(p , that is, 
1 .  
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5 Riemannian Symmetric Manifold 
 
Definition: 
 
A Riemannian symmetric manifold of M is called Riemannian symmetric space, if there is a symmetry of SX 

for each point of MX  so that an isometry of M and a neighborhood of NX from X where X is a unique 
constant point of SX in NX. 
 
Definition: 
 
A connected Riemannian manifold is called symmetric, if there is an isometric dependent of 

MMP : for each MP so that i) 
2

p  is identity extension ii) and P has a separate constant point 

and there is a neighborhood of U from P so that P is the only constant point of P .  

 
Lemma: 
 

If is a Riemannian manifold and P  is an isometric extension so that P is a separate constant point then 

PPP
XX )(* and )()( PPP XEXPEXPX   ));(( MTX PP 

 
 
Proof: 
 

Because 
2

P is identity and true from 
2)( *P

 on )(MTP and this means that the value of the 

characteristic *P
  on )(; MTP is +1; anyway if the value of the characteristic is +1, then there is vector 

0PX so that PPP
XX )(* . 

 

For each isometry MMF :  and *FEXPEXPF   .  Because it maintains geodesics, that 

is, EXPtXEXPtXP )( . Therefore, the geodesic around P in the main direction of XP is a 

constant point which means that P cannot be a separate point from P . Therefore, +1 is not the value of the 

characteristic and I
P

*  where I in fact is identity. Because � is an isometry and 

)()()( * PPPPP XEXPXEXPEXPX   and this means that we assume P each geodesic 

around P on itself in its opposite direction.  
 
Note:  
 
Each complete Riemannian manifold of M and the point MP  can have at most one isometric extension 

P from P with a separate constant point.  
 

Theorem: 
 

A Riemannian symmetric manifold of M is necessarily complete and if Mqp , , then there is an 

isometry –� corresponding to Mr   so that qpr )( . 
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Proof: 
 
First we show that M is complete and prove that any geodesic can be an expansion of infinite size. Suppose 

P(S) is a geodesic radius form the size of S so that we define bS 0 . We want to show an extension of 

the size of bL  and suppose bS 4/30  and if a symmetry of )( 0SP .  

 
Supposing that the geodesic P(S) is around another geodesic P(S0) in the mode of tangential vector of 

0
)/()( 0 SdsdpSP   that its value is same P(S). Because it has a common tangent from P(S) to P(S0). 

Where P(S) is coincident on the range bSb 2/1 ; then the size of this expansion is b2/3 . 
 

Following this it is simply observed that each Mqp , is an isometry of M where qpM : . In 

fact, suppose r is a geodesic from p to q, then the isometry r  is a geodesic of qp   on itself.  

 
Theorem: 
 

Suppose P(t) that ; a geodesic of a symmetric manifold M and C is a dependent isometry for each real 

number; then )())(( ctptpC  . 

 

If  )0(PX is an element of )()0( MTP , then )0(*)( PttP XX  is the dependent parallel vector field 

along P(t) where t is the variable of *t  where )()(: )()0(* MTMT tpPt  is parallel 

transmission along the geodesic.   
 

Note: 
 

Pay attention that if )(),( 1122 CPPCPP   both points are from one geodesic P(t) where 

 t , then the argument ))(2())(( 1212 cctptp
pp

  and *)( 12 pp
  are 

mappings of each parallel vector field along P(t) to a parallel vector field. 
  
Theorem: 
 

Suppose M = G and the connected Lie group is complete with constant meter and suppose )(GTX ee  , 

then the unique geodesic of P(t) with eP )0( and eXP )0(  is exactly the determinant of the one-

parameter group by Xe and other geodesics are left (right) coset of one-parameter groups. 
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