(L VTR

Summation Formulas for Generalized Tetranacci Numbers

Asian Journal of Advanced Research and Reports

7(2): 1-12, 2019; Article no.AJARR.52434
ISSN: 2582-3248

Yiiksel Soykan'’

1 Department of Mathematics, Faculty of Art and Science, Zonguldak Biilent Ecevit University,
67100, Zonguldak, Turkey.

Author’s contribution

The sole author designed, analyzed, interpreted and prepared the manuscript.

Article Information

DOI: 10.9734/AJARR/2019/v7i230170

Editor(s):

(1) Dr. Him Lal Shrestha, Associate Professor, Coordinator - UNIGIS Programme, Kathmandu
Forestry College, Koteshwor, Kathmandu, Nepal.

Reviewers:

(1) Adekunle Adebola Olayinka, Adeyemi College of Education, Nigeria.

(2) Shpetim Rexhepi, State University of Tetovo, Macedonia.

Complete Peer review History: http://www.sdiarticle4.com/review-history/52434

Received: 02 September 2019
Accepted: 09 November 2019
Original Research Article Published: 28 November 2019

ABSTRACT

In this paper, closed forms of the summation formulas for generalized Tetranacci numbers
are presented. Then, some previous results are recovered as particular cases of the present
results. As special cases, we give summation formulas of Tetranacci, Tetranacci-Lucas, fourth
order Pell, fourth order Pell-Lucas, fourth order Jacobsthal, fourth order Jacobsthal-Lucas numbers.

Keywords: Tetranacci numbers; Tetranacci-Lucas numbers; sum formulas; summing formulas.
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1 INTRODUCTION generalized Tetranacci numbers. A generalized

Tetranacci sequence:

There have been so many studies of the
sequences of numbers in the literature which
are defined recursively. Two of these type s defined by the fourth-order recurrence relations
of sequences are the sequences of Tetranacci

and Tetranacci-Lucas which are special case of W, =rW,_1+sWyp_o+tWyr_s+uW,_4, (1.1)

{Whtnzo = {Wn(Wo, Wi, Wa, Ws;r, s, t,u) bn>o
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with the initial values Wy, W1, Ws, W3 are
arbitrary complex (or real) numbers not all being
zero and r, s, t, u are real numbers.

This sequence has been studied by many authors

and more detail can be found in the extensive
literature dedicated to these sequences, see for

example [1,2,3,4,5,6].

The sequence {W,},.>o can be extended to
negative subscripts by defining

t s ™ 1
Wen =W 1)~ - Wen-2) = 7 We(n-3) T - Wo(n-9)

for n = 1,2,3,.... Therefore, recurrence (1.1)
holds for all integer n.

For some
Wo, W1, Wa, W3

specific values of
and r, s, t,u, it is
worth presenting these special Tetranacci
numbers in a table as a specific
name. In literature, for example, the
following names and notations (see Table 1)

are used for the special cases of r,s,t,u and
initial values.

The first few values of the sequences with non-
negative indices are shown below (see Table 2).

The first few values of the sequences with
negative indices are presented in the following
table (Table 3).

For easy writing, from now on, we drop the
superscripts from the sequences, for example
we write P, for P{*.

In this work, we investigate linear summation
formulas of generalized Tetranacci and Gaussian
genera-lized Tetranacci numbers. Some
summing formulas of the Pell and Pell-Lucas
numbers are well known and given in [7, 8], see
also [9]. For linear sums of Fibonacci, Tribonacci,
Tetranacci, Pentanacci and Hexanacci numbers,
see [10,11], [12,13,14], [15, 5], [16], and [17]
respectively.

Table 1. A few special case of generalized Tetranacci sequences

Sequences (Numbers) Notation OEIS [18]
Tetranacci {M,}={W,(0,1,1,2;1,1,1,1)} A000078
Tetranacci-Lucas {R.} ={Wn(4,1,3,7;1,1,1,1)} A073817
fourth order Pell (P} = {W,(0,1,2,5;2,1,1,1)} A103142
fourth order Pell-Lucas QY = {Wn(4,2,6,17;2,1,1,1)} -
fourth order Jacobsthal {Jfﬁ“} = {W,(0,1,1,1;1,1,1,2)} -
fourth order Jacobsthal-Lucas G = {(Wa(2,1,5,10;1,1,1,2)} A226309
Table 2. A few values of the sequences with positive subscript
n 0 1 2 3 4 5 6 7 8 9 10 11 12 13
My, 0 1 1 2 4 8 15 29 56 108 208 401 773 1490
Ry, 4 1 3 7 15 26 51 99 191 367 708 1365 2631 5071
P,(L4) 0 1 2 5 13 34 88 228 591 1532 3971 10293 26680 69156
Lf“ 4 2 6 17 46 117 303 786 2038 5282 13691 35488 91987 238435
J&® 0o 1 1 1 3 7 13 25 51 103 205 409 819 1639
jﬁ,,‘“ 2 1 5 10 20 37 77 154 308 613 1229 2458 4916 9829
Table 3. A few values of the sequences with negative subscript
n 1 2 3 4 5 6 7 8 9 10 11 12 13
M_, 0 0 1 —1 0 0 2 -3 1 0 4 —8 5
R_, -1 -1 -1 7 —6 -1 -1 15 —19 4 -1 31 —53
SO 1 -1 0 -1 4 -4 2 -7 17 —18 17
QW - -1 -4 11 -6 2 —22 43 —31 34 —111 182 —170
NS _1 1 5 _3 _19 13 ol _ 51 _ 307 205 1229 _ 819 _ 4915
—n 2 4 8 16 32 64 128 256 512 1024 2048 4096 819
j(4> 1 1 _5 7 7 7 _ 89 103 103 103 _ 1433 1639 1639
—n 2 4 8 16 32 64 128 256 512 1024 2048 4096
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2 LINEAR SUM FORMULAS OF GENERALIZED TETRANACCI
NUMBERS WITH POSITIVE SUBSCRIPTS

The following theorem presents some linear summing formulas of generalized Tetranacci numbers
with positive subscripts.

Theorem 2.1. For n > 0 we have the following formulas:

(a) (Sum of the generalized Tetranacci numbers) If r + s+t +u — 1 # 0, then

= Wota+ Q1 =rWhyzs+ 1 =17 —8)Wnio+ (1 —1r—s5—t)Wny1 + K1
> Wi = .
= r+s+t+u—1

where
Ki=-Ws+(r—-1)Wet+(r+s—1)Wi+(r+s+t—1)Ws.

(b) f(r+s+t+u—1)(r—s+t—u+1)#0then

i Wor — (1—=s—u)Wapio+ (t+rs+ru)Wapyq + (t2 —u? + rt — su 4 uw)Wap + (ru + tu)Wa,_1 + Ko
= 2k = (r—s+t—u+1l)(r+s+t+u—1)
where

Ko = — (r + t) Wa+(stutrt+r> —1)Wot(st — ru — t) Wi+(r° —s*+t*+2s-+u+2rt—su—1)Wo.

and

n o Cr+OWapgo + (=52 412 —w? ot — 2sut s+ w)Wap i + (E+Tu — sOWap —u (s +u —1) W1 + K3
K=o = 2kHL T (r+s+ttu—1)(r—s+t—u+1) ’
where

Ky=(s+u—1)Ws—(t+rs+ru)Wa+ (> —s* 4+ rt — su+2s +u— 1)W1 —u(r +t) Wo.

() fr+t#0As+u—1=0then

- W W2n+1 + tWapn + uWopn_1 — W3 +1rWo —ulWy + (7" + t)Wo
§ 2k —
r4+t
k=0

and
_ Want2 + tWani1 + uWay — Wo +rWi — ulWy

n
Z Wak41 =
P r+t

Note that (c) is a special case of (b).

Proof.

(a) Using the recurrence relation

Whn=1mWno1+sWh o +tWn 3 +uW,_y

UWn—4 = Wn - 7n.[/V'n—l - 5Wn—2 - th—d



Soykan; AJARR, 7(2): 1-12, 2019; Article no.AJARR.52434

we obtain
UWQ = W4 — rW3 — 8W2 — tW1
U,Wl = W5 — 7‘W4 — SW3 — th
UWQ = We — 7'W5 — SW4 — th
uWs = Wi —1rWs —sWs —tWy
uWn_ys = Wy —rWho1 — sWh_o —tWp_3
uWn_3 = Wypp1 —rWy —sWi1 —tWi o
uWn_o = Whyo —rWpi1 — sWy, —tWi,_1
uWno1 = Wiys —rWhyo — sWyp1 —tW,
uWn = Wn+4 — ’V‘Wn+3 — SWn+2 — th+1

If we add the above equations by side by, we get (a).

(b) and (c) Using the recurrence relation

Whn=1Wpo1 4+ sWp_o +tWp_3+uW,_4

i.e.
ranl = Wn - 5W7L72 - th73 - ’U/anél
we obtain
’I“Wg = W4 — SWQ — th — uWo
T'W5 = WG — SW4 — th - UWQ
Wy = Wg—sWg —tWs —uWy
TWQ = Ww — SWg — tW7 — UW(,
Wan_1 = Wap — sWap_o —tWap_3 — ulWan_4
™Wont1 = Wapgo — sWay — tWan—1 — uWap_o
™Wants = Wapga — sWaongpo —tWani1 —ulWa,

Now, if we add the above equations by side by, we get
r(=Wi+ > Wakg1) = (Wonpa— Wo—Wo+ Y Wa) —s(=Wo+ > Wa) (2.1)
k=0 k=0 k=0

—t(—Want1 + Z Wakt1) — u(—Wapn + Z Wak).
k=0

k=0 =

Similarly, using the recurrence relation

Wn == Tanl + SWn72 + thflS + 'U/Wn74

TWn—l = Wn - SWn—Q - th—3 - UWn—4
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we write the following obvious equations;

rWe = Wz —sWy —tWy —uW_4

Wy = Ws —sWs —tWy —ulW;

rWe = Wr—sW5 —tWy —uWs

TWS = Wg — SW7 — tWG — UW5
Wan—2 = Wap_1—3sWap3—tWan_g —ulWap_s

rWan = Wapy1 —sWap—1 —tWap_2 —uWap_3

TW2n+2 = W2n+3 — SW2n+1 — thn — uWanl
™Waonta = Wanys — sWanyz — tWanpo — ulWan

Now, if we add the above equations by side by, we obtain

n n n n
r(—Wo+ > Wap) = (=Wi+ > Wopy1) — s(—Wapg1 + O Wapg1) — t(—Wan + > Wap)
k=0 k=0 k=0 k=0

n
—u(—Wanq1 — Wapo1 + Woy 4+ > Wopy1).

k=0
Since )
t s r
W_oi=—Wo— =W, — -Wa+ -Wj3
U u U U
we have
P(=Wo+ > Wap) = (W14 D> Wapqr) —s(—Wang1 + Y Wopg1) — t(=Wan + > Wap) (22

k=0 k=0 k=0 k=0

t s r 1 m
—u(~Wapy1 — Wap_1 + (——Wo — =Wi — —Wa + —Wa) + > Waky1).

Then, solving the system (2.1)-(2.2), the required results of (b) and (c) follow.

Takingr = s =t =wu=11in Theorem 2.1 (a) and (b) (or (c)), we obtain the following proposition.
Proposition 2.2. If r = s =t = u = 1 then for n > 0 we have the following formulas:

@ Sr_o Wi =5 (Wata = Waga — 2Wog1 — Wa + Wi +2W0).

(b) 7 o Wak = 2(—Wanso + 3Wang1 + Wapn + 2Wan_1 — 2Ws + 3Wa — Wi + 4Wo).

(©) Sp_o Wart1 = 3 (2Wanga + Wan — Wan_1 + W5 — 3Wa + 2W1 — 2Wo).

Proof. Wetake r = s =t =wu = 1in Theorem 2.1 (a) and (b). Note that in this case we have

r+s+t+u—1 = 3
(r+s+t+u—-1)(r—s+t—u+l) =

(a)

i W, — Wita +0 X Wiy + (=1)Whio + (=2)Wai1 + K
B 3
k=0

where
Ki=-Ws3+0x Wae+1x Wi +2x W,.
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(b)

zn:W L= (—D)Wanyo +3 X Wani1 +1 X Wan +2 x W1 + Ko
ok =
k=0

3
where
KQ:—2XW3+3XW2+(—1)W1+4XWO.
(c)
iw _ 2X Wangp2 +0X Wapy1 +1 x Wap — 1 X Way1 + K3
— et = (r+s+t+u—1)(r—s+t—u+1)
where

Ks=1xW3—-3xWa+2xW; —2x W.

From the above proposition, we have the following corollary which gives linear sum formulas of
Tetranacci numbers (take W,, = M, with My =0, My, = 1, M = 1, M3 = 2).

Corollary 2.3. For n > 0, Tetranacci numbers have the following properties.
(a) ZZ:O M = %(Mn+4 — Mn+2 — QMn+1 — 1).
(b) >0 o Mo = %(*Mznw + 3Maon+1 + Man + 2Mon—1 — 2).
(€) > r_o Mopq1 = %(2M2n+2 + Maop — Map—1+1).
Proof. We take W,, = M,, with My = 0, M, = 1,M2 = 17M3 = 2.

(a)
Ky =—Ms+ My + 2My = —1.
(b)
Ko = —2M3 + 3My — M1 +4My = —2.
(c)

K3 = Ms — 3Ms +2M; — 2My = 1.

Taking W,, = R,, with Rop = 4, R1 = 1, R2 = 3, R3 = 7 in the above proposition, we have the following
corollary which presents linear sum formulas of Tetranacci-Lucas numbers.

Corollary 2.4. For n > 0, Tetranacci-Lucas numbers have the following properties.
(@) Yi_o Re = 5(Rnta — Rug2 — 2Rpi1 + 2).

(b) Y7 o Rok = (—Rani2 4+ 3Rans1 + Ran + 2Ron—1 + 10).

(c) ZZ:() R2k+1 = %(2R2n+2 + RZn - RQn—l - 8)

Proof. We take W,, = R, with Ry =4,R1 =1,R: =3,R3 = 7.

(a)
Ki=—Rs+ R1+2Ry = 2.
(b)
Ko = —2Rs + 3Rs — Ry + 4R, = 10.
(c)

K3z = R3 —3Rs +2R1 —2Ro = —8.
Taking r =2,s =t =wu = 11in Theorem 2.1 (a) and (b) (or (c)), we obtain the following proposition.
Proposition 2.5. If »r = 2, s = ¢t = u = 1 then for n > 0 we have the following formulas:

(a) ZZ:O Wi = i(Wn-‘—él — Whis — 2Wigo — 3Wpg1 — W3 + Wa + 2W5 + 3Wo).
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(b) > o Wa = %(—W2n+2 + 5Want1 + 2Wap 4+ 3Wap—1 — 3Ws + TW, — 2W1 + 9Wh).
(€) >heo Wory1 = é(3W2n+2 + Want1 + 2Wap — Wap—1 + W3 — 5Wa 4+ 6W1 — 3Wp).

From the last proposition, we have the following corollary which gives linear sum formulas of fourth-
order Pell numbers (take W,, = P, with Po =0, P, = 1, P>, = 2, P3; = 5).

Corollary 2.6. For n > 0, fourth-order Pell numbers have the following properties:

(a) ZZ:O Py, = i(Pn+4 - P7L+3 - 2Pn+2 - 3Pn+1 - 1)
(b) > o Por = é(_P2n+2 + 5Pont1 + 2Pon + 3P2n—1 — 3).
(c) Z::O Popi1 = %(3P2n+2 + Pont1 + 2P2n — Pon—1 + 1).

Taking W,, = Q,, with Qo = 4,Q1 = 2,Q2 = 6,Q3 = 17 in the last proposition, we have the following
corollary which presents linear sum formulas of fourth-order Pell-Lucas numbers.

Corollary 2.7. For n > 0, fourth-order Pell-Lucas numbers have the following properties:
(@ > Qr= i(QnH — Qni3 — 2Qn+y2 — 3Qny1 +5).

(b) Yh_ Qo = §(—Q2n+2 +5Q2n41 + 2Q2n + 3Q2n—1 + 23).
(€) >h o Qart1= é(3Q2n+2 + Qan+1 +2Q2n — Qan—1 — 13).

fr=1s=1t=1Lu=2then(r+s+t+u—1)(r—s+t—u-+1)=0sowecan’tuse Theorem
2.1 (b). In other words, the method of the proof Theorem 2.1 (b) can’t be used to find >_7_, W, and
Y oneo Wakya.

Proposition 2.8. If r = 1,s = 1,t = 1,u = 2 then for n > 0 we have the following formula:
> W=
k=0

Taking W,, = J, with Jo = 0,J1 = 1,J> = 1,J3 = 1 in the last proposition, we have the following
corollary which presents linear sum formula of fourth-order Jacobsthal numbers.

(Whta — Whio — 2Wyhy1 — W + W1 4 2Wo).

|

Corollary 2.9. For n > 0, fourth order Jacobsthal numbers have the following property:

< 1
Z Jp = Z(Jn+4 — JInt2 — 2Jny1 — 3+ J1 + 20).
k=0

From the last proposition, we have the following corollary which gives linear sum formula of fourth
order Jacobsthal-Lucas numbers (take W,, = j,, with jo = 2, j1 = 1, j2 = 5, j3 = 10).

Corollary 2.10. For n > 0, fourth order Jacobsthal-Lucas numbers have the following property:

—~ 1, : .
Z]k = 1(]n+4 — Jn+2 = 2jn+1 — 5)'
k=0
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3 LINEAR SUM FORMULAS OF GENERALIZED
TETRANACCINUMBERS WITH NEGATIVE SUBSCRIPTS

The following theorem present some linear summing formulas of generalized Tetranacci numbers with
negative subscripts.

Theorem 3.1. For n > 1 we have the following formulas:

(a) (Sum of the generalized Tetranacci numbers with negative indices) If r + s+t +u — 1 # 0, then

Z"’:W - Wongs + (r = DWenga + (r+s—DWonpi + (r+s+t—DW_, + K4
k= r+s+t+u—1
k=1
where

K4=W3+(1—T)W2+(1—T—S)W1+(1—S—T—t)Wo.
(b) f(r—s+t—u+1)(r+s+t+u—1)#0then

G u— D)W gpqo— (btrs+ru) Wognyr + (02 — s +rt —sut2s+u— DW_g, —u(r+¢) W_g,_1 + Kg
N (r—s4+t—utl)(r+stttu—1)

n
W e
k=1 2k

where

Ks = (r4+t)Wa+(1—r> —rt—s—u)Wa+(t + ru — st) Wi+ (1—r>+5° —t* = 2rt4+su—2s—u) Wo.

and

i W _ —(r+t)W_opyo + ('rz +rt+s+u—1)W_ gnq1 + (st —t —ru)W_oy + (u2 +su—u)W_o,_1+ Kg
= —2hH T (r—s+t—u+1)(r+s+t+u—1)

where

Ko=(1—5—uWs+ (t+ru+rs)Wao+ (1 =7+ 5> —rt + su— 25 — )Wy + u(r + t)Wo.

() fr+t#0As+u—1=0then

i W —W72n+1 +rW_on —uW_on_ 1+ W3 —rWso +ulWy — (’I‘ + t)Wo
—2k =
r+t
k=1

and
- —W_onyo +rW_opni1 —uW_o, + Wo —rW1 + uWy
Z W_ok4+1 = .
Pt r+t

Note that (c) is a special case of (b).

Proof.
(a) Using the recurrence relation

W—n+4 = 7"V[/—n-!—?) + 5W—n+2 + tW—n+1 + uW_,,

uW_pn =W_pnyia —rW_pny3 —sW_ o —tW_ 1
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we obtain

uW_,
uW_n.H
uW7n+2

uW_s
uW_y4
uW_s
uW_z
uW_y

W—n+4 - TW—n+3 - 5W—n+2 - tW—n+1
W_onts —rmWeonya — sW_pi3 —tW_pn42
W7n+6 - TW*'IH»S - 5W7n+4 - tW7n+3

W_i1—rW_o—sW_3 —tW_4
Wo—rW_1 —sW_o —tW_3g
Wi —rWo — sW_1 —tW_,
Wo — oWy — sWo —tW_4

W3 —rWs — sW71 — tWh.

If we add the above equations by side by, we obtain

u Wor) = (Wongs = Woppo =W = Wop + Wa + Wo o+ Wi+ Wo + > Woy)
k=1

k=1

—r(—W_pgo —W_pi1 — Wy + Wo + W1 + W + Z W_k)

k=1

—5(—Wongr = Won + Wi+ Wo+ > Woi) = 8(—Won + Wo + Y Wop).

k=1 k=1

From the last equation we get (a).

(b) and (c¢) Using the recurrence relation

W7n+4 - TW7n+3 + $W7n+2 + th'rH»l + ’LLW7n

i.e.
tW_png1 =W_opnga — Wiz — sW_ppo —uW_,
we obtain
tW_ont+1 W_onta —rW_onyzs — sW_opnyo —uW_o,
tW_2ny3 W onie —1mW_onys — sW_onia —uW_2n 42
tW_2n45 W_onts —rW_ani7 — sW_oni6 — ulW_2nya
tW_2ni7 W_ony10 = "W_anyg — sW_oni8 —uW_2n46
tW_5 W_2 — TW_3 — SW_4 — UW_G
tW73 W() — rW,1 — SW72 — uW,4
tW71 W2 — rWl — SW() — uW72.
If we add the above equations by side by, we get
EY Woopyr = (—Weoongo—Woon+Wo+Wat+ > W_op) —r(—W_ani1 + Wi+ W_opy1)31)
k=1 k=1 k=1

n n
—s(=W_gn + Wo+ > W_gg) —u( D Wozyg).

k=1 k=1

Similarly, using the recurrence relation

W_npa=rmW_niz+sW_pnio +tW_np1 +uW_,
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l.e.
tW_p =W_pnys —rW_pio —sW_pp1 —uW_ 1
we obtain
tW_on, = W_onyz —1W_opio—sW_gpi1 —uW_on_1
tW_onye = We_onys —rW_opya —sW_opi3 —uW_oni1
tW_ontas = W_oonyr —rW_onye — sW_opnys —uW_o,43
tW_onie = Woanyo —1W_oonis —sW_oni7 —ulW_2nys
tW_sg = W_s—rW_¢—sW_7—ulW_g
tW_e = W_3g—rW_y—sW_5—ulW_s
tW_y = Wi —rW_o—sW_3—uW_s
tW_o = Wi —1rWo—sW_1 —ulW_s.

If we add the above equations by side by, we get

tz W_or = (—Woopy1 + Wi+ Z W_okt1) —1r(—W_on + Wo + Z W_2k)
k=1 k=1 k=1

—S(Z W_aky1) —u(Wozn—1 — W_1 + Z W_ak41).

k=1 k=1

Since . 1
W_i1=——Wp— le - IWQ + —Ws
U U U U

it follows that

tz W_or = (—W_opt1+Wi+ Z W_okt1) —r(—W_on + Wo + Z W_2k) (3.2)
k=1 k=1 k=1

*S(Z W_apt1) —u(W-2n—1 — (*EWO - 2W1 - %Wz + EWJ) + ZW—%-H)-

k=1 k=1
Then, solving system (3.1)-(3.2) the required results of (b) and (c) follow.

Takingr = s =t =wu = 1in Theorem 2.1 (a) and (b) (or (c)), we obtain the following proposition.

Proposition 3.2. If r = s = ¢t = u = 1 then for n > 1 we have the following formulas:

@) Yo Wk = 3 (—Wonis + Wopin +2Woy + Ws — W1 — 2W0).

(b) Y Woor = 5(Wesnio2 = 3Weooni1 4+ 2Woon — 2Woop—1 + 2W5 — 3Wa + Wi — 4Wp).
(C) ZZ:I W*2k+1 = %(_2W72n+2 + 3W—2n+1 - W—Qn + sznfl — W3 + 3W2 — 2W1 + ZWO).

From the above proposition, we have the following corollary which gives linear sum formulas of
Tetranacci numbers (take W,, = M,, with My =0, M; =1, M2 = 1, M3 = 2).

Corollary 3.3. For n > 1, Tetranacci numbers have the following properties.

@ >p  M_p=2(-M_nis+M_ni1+2M_p, +1).
(b) > i M o= %(M—zn-o-z —3M _oni1 +2M 2, —2M 2, 1 +2).

10
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() r i M_opy1 = %(_2M72n+2 +3M_opy1 — M_op + M_2,-1 — 1).

Taking W,, = R, with Ry = 4, Ry = 1, R» = 3, Rz = 7 in the above proposition, we have the following
corollary which presents linear sum formulas of Tetranacci-Lucas numbers.

Corollary 3.4. For n > 1, Tetranacci-Lucas numbers have the following properties.

(a) Zzzl R_, = %( —nt+3 + R-nt1+2R_n — 2).

(b) >r_  Roox = %(R ont+2 — 3R_2n+1 + 2R_25, — 2R_9,—1 — 10).

(c) 22:1 R72k+1 = g(_QR*2”+2 + 3R*27b+1 —R_on+ R on—1+ 8)

Takingr =2,s =t =wu =11in Theorem 2.1 (a) and (b) (or (c)), we obtain the following proposition.
Proposition 3.5. If r = 2, s =t = u = 1 then for n > 1 we have the following formulas:

@ Sp Weop = 2(-Wengs + Wepgo + 2Wopp1 + 3Wop + Ws — Wa — 2Wy — 3Wh).

(b) 7 Weoor = £(Weant2 — 5W_oni1 + 6W_zn — 3W_gn_1 + 3W5 — TWa + 2W1 — 9Wh).
(C) ZZ:l W—Qk-‘rl = %(_3W72n+2 + 7W—2n+1 —2W_op + W_9,_1 — W3 +5Wo — 6W7 + 3W0).

From the last proposition, we have the following corollary which gives linear sum formulas of fourth-
order Pell numbers (take W,, = P, with P, =0, P, = 1, P>, = 2, P; = 5).

Corollary 3.6. For n > 1, fourth-order Pell numbers have the following properties:

(@ Y Pk=3(—Ponyz+Ppny2+2P 1 +3P_, +1).

(b) > i Poox= é(P—Qn-‘—Q — 5P _9p41 +6P_2n — 3P 2,1 + 3).

(€) >h_i Pooky1 = g(—3P—2n+2 +7P_oni1 —2P 2, + P_2,1 —1).

Taking W,, = Q. with Qo = 4,Q1 = 2,Q2 = 6,Qs = 17 in the last proposition, we have the following
corollary which presents linear sum formulas of fourth-order Pell-Lucas numbers.

Corollary 3.7. For n > 1, fourth-order Pell-Lucas numbers have the following properties:

(@ > 1 Qx= il( i3 F Qo2 +2Q i1 +3Q-_n — 5).

(b) Z —2k = 3 Q an+2 — DQ-2n+1 + 6Q_2n — 3Q-2n—1 — 23).

(c) Z —akt1 = 5(—3Q-2n+2 +7Q-2n41 — 2Q—-24 + Q-20—1 + 13).

f » = s = ¢t = 1,u = 2 then Corollary3.9. Forn > 1, fourth order Jacobsthal

(r+s+t+u—1)(r—s+t—u+1)=0s0owe numbers have the following property

can’'t use Theorem 3.1 (b). In other words, the

method of the proof Theorem 3.1 (b) can’t be

usedto find >y _, W_or and 37, W_ogq1. Z Jow = (=Jonts + Jont1 +2J-n).

Proposition 3.8. If 7 = s = ¢ = 1,u = 2 then for  From the last proposition, we have the following
n > 1 we have the following formula: corollary which gives linear sum formulas of
fourth order Jacobsthal-Lucas numbers (take

1
k-,zz:l Wer= Z(7W_n+3+w_n+1+2W_"+W37W172W0)‘ Wi = jn With jo = 2,1 = 1, j2 = 5, j3 = 10).

Corollary 3.10. For n > 1, fourth order
Jacobsthal-Lucas numbers have the following

Taking Wy = Jn with Jo = 0, J1 = 1, Jo = 1, Js = property

1 in the last proposition, we have the following
corollary which presents linear sum formula of

1 X . .
fourth-order Jacobsthal numbers. Z] k=g (FTonistjoni1 420 +5).

,;
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