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Abstract

We study the uniform convergence of the general version of Gauss-type proximal point algorithm
(GG-PPA), introduced by Alom et al. [1], for solving the parametric generalized equations
y € T(z), where T : X = 2Y is a set-valued mapping with locally closed graph, y is a parameter,
and X and Y are Banach spaces. In particular, we establish the uniform convergence of the
GG-PPA by considering a sequence of Lipschitz continuous functions gx : X — Y with g(0) =0
and positive Lipschitz constants Ax in the sense that it is stable under small perturbations when
T is metrically regular at a given point. In addition, we give a numerical example to justify the
uniform convergence of the GG-PPA.
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1 Introduction

Let X and Y be Banach spaces and Q be an open subset of X. Let T : X = 2¥ be a set valued
mapping that have locally closed graph. We deal with the problem of approximating a point x € )
satisfying the generalized equation

y € T(z), (1.1)

where y is a parameter. Robinson [2][3] first introduced the generalized equation (1.1) for y = 0
as a general mechanism for describing, analyzing, and solving different problems in a unified way.
This kind of problems have been reviewed broadly. Various examples are system of inequalities,
variational inequalities, linear and nonlinear complementary problems, system of nonlinear equations,
equilibrium problems, etc.; see in [1][3][4][5].

The proximal point algorithm (PPA) is one of the most important methods for solving (1.1) in the
case y = 0, which is defined as follows:

0 € Me(zp41 — xk) + T(zk41), foreach k=0,1,2,..., (1.2)

where {A\x} C (0,)) is a sequence of scalars. This PPA, whose origin can be found in the works
of Martinet [6] for variational inequalities, has been further studied and extended in [7][8][9][10][11]
to a more general setting, including convex programs, convex-concave saddle point problems and
variational inequality problems. Rockafellar [11] throughly analyzed the PPA in the general structure
of maximal monotone inclusions. When y = 0, Aragén Artacho et al. [12] have been introduced
the general version of proximal point algorithm (GPPA) for solving (1.1) by choosing a sequence
of functions gr : X — Y with ¢gx(0) = 0 which are Lipschitz continuous in a neighborhood O
of the origin with Lipschitz constants Ay for each k and established the linear and super-linear
convergence results under certain conditions. Let x € X satisfying y € T(x). The subset of X,
denoted by DF(z), is defined by

DH(z) = {deX:yegk(d)+T(m+d)}. (1.3)

Moreover, Aragén Artacho and Geoffroy [13] have been presented the following GPPA for solving
(1.1) and proved the uniform convergence of GPPA:

Algorithm 1 (General version of proximal point algorithm (GPPA))
Step 0. Let 29 € X, A € (0,00) and put k := 0.
Step 1. If 0 € D¥(x},), then stop; otherwise, go to Step 2.
Step 2. Put {\;} € (0,)), gr(0) = 0. If 0 ¢ D¥(xy), choose dj such that
dy € Dk(:rk)
Step 3. Write g1 := xx + d.
Step 4. Put k =k + 1 and go to Step 1.

Basically, the sequences generated by Algorithm 1 are not uniquely defined and not every generated
sequence is convergent. Under certain conditions, Aragén Artacho and Geoffroy [13] showed that
there exists one sequence {x,} generated by Algorithm 1, which is linearly convergent to the
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solution. Hence in view of mathematical computation, this type of methods are not convenient
in practical application. Thus, to overcome this barrier, we propose a method ”so called” the
general version of Gauss-type proximal point algorithm (GG-PPA) for solving (1.1) as follows:

Algorithm 2 (General version of Gauss-type proximal point algorithm (GG-PPA))
Step 0. Select n € [1,00), zg € X, XA € (0,00) and put k := 0.
Step 1. If 0 € D¥(xy), then stop; otherwise, go to Step 2.
Step 2. Put {\;} € (0,)), gr(0) = 0. If 0 ¢ D¥(xy), choose dj such that
di, € 'Dk(ka) and HdkH < n dist (O,Dk(xk))
Step 3. Write g1 1= xx + dp.
Step 4. Put kK =k + 1 and go to Step 1.

We observe that,
(i) if n =1 and D*(xy) is single valued, Algorithm 2 coincides with the Algorithm 1.

(i) if gr(u) = A\ku, y = 0 and Y = X a Banach space, Algorithm 2 is equivalent to the classical
Gauss-type proximal point algorithm, which have been introduced by Rashid et al. [9].

(iii) if gr(u) = Agu and Y = X a Banach space, Algorithm 2 is equivalent to the classical
Gauss-type proximal point algorithm introduced by Rashid in his PhD thesis [4, Algorithm
4.2.1].

(iv) if y =0, Algorithm 2 is equivalent to the algorithm introduced by Alom et al. [1].

The difference between the Algorithm 1 and the Algorithm 2 is that the GG-PPA generates at
least one sequence and every generated sequence is convergent, but this does not happen for the
Algorithm 1.

The main goal in this paper is to present a kind of convergence of the sequence generated by
Algorithm 2, which is uniform in the sense that the attraction region (i.e., the ball in which the
initial guess xo can be taken arbitrarily) does not depend on small variations of the value of the
parameter y near § and for such values of y the method finds a solution z of (1.1) whenever T is
metrically regular at (Z, 7).

Many authors have been studied on local convergence analysis about Algorithm 1 in the case y = 0,
see for examples [2][3][8][11], but there is no semi-local analysis for the Algorithm 1. A large
number of participations have been studied on semi-local analysis for the Gauss-Newton method
(cf. [14][15][16]). A semi-local convergence analysis for the classical Gauss-type proximal point
method were presented by Rashid et al. [9]. A semi-local convergence analysis for the GG-PPA
were presented by Alom et al. (cf. [1]). As our best knowledge, there is no study on uniformity
of semi-local analysis for the Algorithm 2. Thus, we conclude that the contributions, presented in
this study, seem new.

To analyze the uniformity of semi-local convergence of the GG-PPA is the main task in this paper.
The main tools in our study are the metric regularity property and Lipschitz-like property for
set-valued mappings. Based on the information around the initial point, the main results are the
convergence criterion, which provide some sufficient conditions confirming the convergence to a
solution of any sequence generated by Algorithm 2. As a consequence, uniform local convergence
of the GG-PPA is obtained.

The content of this paper is organized as follows: In section 2, some notations, notions and
preliminary results are presented. In Section 3, we consider the GG-PPA which is introduced
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in section 1. Then utilizing the concept of metric regularity property for the set valued mapping
T, we will show the existence of the sequence generated by Algorithm 2 and present the uniform
convergence of the GG-PPA. In section 4, we give a numerical example to justify the uniformity of
semi-local convergence of the Algorithm 2. The summary of the major results are presented in the
last section.

2 Notations and Preliminary Results

In this section, we suppose that X and Y are two real or complex Banach spaces. The closed ball
with centered at a and radius r is denoted by B,(a). All the norms are denoted by || - ||. For each
z € X, the distance from a point = to a set C C X is defined by dist(z, C) := inf{||lx — y|| : y € C},
while the excess from the set B C X to the set C is defined by e(B,C) := sup{dist(z,C) : x € B}.

Let F': X = 2" be a set-valued mapping. Here gphF := {(z,y) € X x Y :y € F(x)} is the graph
of F and domF := {x € X : F(z) # 0} is the domain of F. The inverse of I is denoted by F~*
and is defined by F~*(y) := {x € X : y € F(x)} for each y € Y..

The concept of metric regularity for set valued mapping in the following definition is taken from
[9], and has been studied extensively; see for example [10][17][18][19].

Definition 2.1. Let F: X =Y be a set-valued mapping and let (T,y) € gphF. Let rz > 0, 75 >0
and k > 0. Then F' is said to be

(i) metrically regular at (Z,y) on B, (Z) x B, (§) with constant  if
dist (, Fﬁl(y)) < k dist(y, F(z)) for all z € B, (Z), y € By, ().

(i) metrically reqular at (Z,7) if there exist constants vy > 0, ry; > 0 and & > 0 such that F is
metrically reqular at (%,y) on B,, (T) X B, (4) with constant k’.

Recall the definition of Lipschitz-like continuity for set-valued mapping from [7]. This notion was
introduced by Aubin [20] and has been studied extensively; see for examples [9][18][19].

Definition 2.2. LetT': Y = 2% be a set-valued mapping and let (y,%) € gphl'. Letrz > 0,75 >0
and M > 0. Then T is said to be Lipschitz-like at (§,%) on By, (7) x By, (Z) with constant M if the
following inequality hold:

e(T'(y1) NBr, (%), I(y2)) < Mllyr — w2 for any w1, yo € B, (7).

The following result establishes the equivalence relation between metric regularity of a mapping F'
and the Lipschitz-like continuity of the inverse F'~!, which can be seen in [1][10].

Lemma 2.1. Let F : X = 2¥ be a set valued mapping and (Z,7) € gphF. Let rz > 0,15 > 0,
then F is metrically reqular at (Z,7) on B, (Z) x B, (y) with constant k if and only if its inverse
F~' 1Y = 2% is Lipschitz-like at (§,%) on B, (§) x By, (Z) with constant k, that is,

e(FH(y) NBy, (2), F'(y)) < slly — ¢/l for all y,y' € Br, (y).

The following concept of Lyusternik-Graves theorem for metrically regular mapping is extracted
from [21]. This theorem plays an important role in the theory of metric regularity and proves the
stability of metric regularity of a generalized equation under perturbations. We use the following
convention: we say that a set C' C X is locally closed at z € C' if there exists a > 0 such that the
set C' N B4 (2) is closed.
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Lemma 2.2. Let T : X = 2Y be a set valued mapping with locally closed graph. Let F be metrically
regular at (T,7) on B, (%) x By, (y) with constant k > 0. Let g : X — Y be a function which is
Lipschitz continuous at T with Lipschitz constant X > 0 such that A < k~'. Then the mapping g+ F
is metrically regular at (T,7 + g(%)) on B, (Z) x B, (§ + g(Z)) with constant T

We end this section with the following lemma, which is known as Banach fixed point lemma, proved
in [22].

Lemma 2.3. Let ® : X = 2% be a set-valued mapping. Let no € X, r € (0,00) and a € (0,1) be
such that
dist(no, ®(n0)) < r(1 — ) (2.1)
and
e(®(z1) NBr(no), P(z2)) < af|zr — 22| for any x1,z2 € Br(no). (2.2)

Then ® has a fized point in B,(no), that is, there exists x € Br(no) such that v € ®(x). If O is
additionally single-valued, then the fized point of ® in Br(no) is unique.

3 Uniform Convergence Analysis

This section is devoted to study the uniform convergence of GG-PPA. To do this, let (Z,7) €
gphT and 7z > 0,73 > 0 be such that B,,(z) C domT and B,,(y) € T(X), the image of T.
We assume that T' is metrically regular at (Z,g) on B,,(Z) x B,;(y) with constant x > 0 and
gphT N (B, (Z) x B, (7)) is closed.

Indeed, we are intended to prove that whenever 7" is metrically regular at (Z,%) on B, (Z) x B, (%)
with a constant &, then for initial guess £ € X and for every y € B, (7), there is a sequence {zy}
generated by Algorithm 2 starting from Z and converging to a solution x of (1.1) for y. Let z € X
and define a mapping P, by

Pu() 1= g(- = 2) + T(). (3.1)

Then we obtain the following equivalence
2€ P (y) o ycgz—x)+T(z) forany z € X and y € T(z).

In particular,
T € P{l(gj) for each (Z,y) € gphT.

Let (Z,9) € gph(g+ T). Since g(- — ) is Lipschitz continuous on O + Z, applying Lemma 2.2, we

assume that the mapping P is metrically regular at (Z, ) on B, (Z) x B, (7) with constant 7 r e
— K
So, by Lemma 2.1, we say that the mapping P; ' is Lipschitz-like at (g, Z) on B, (7) x B, (Z) with

K
_ ™  thati
constant T v that is,
_ N K _
e(Ps ' (y) N By (2), P ' (v)) < 7= ly =/l for all y,y/ € By, (7). (3:2)
Suppose that
lim dist(y, T'(z)) = 0. (3.3)
xr—xT
Write 2 A rz(1 = 3KA)
_ . Ty — Tz Tz — IRk
7= mln{ 5 , i } (3.4)
Then 9 1
7>0< A <min ﬂ,—}. (3.5)
rz 3K
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The following lemma plays an important role to present the uniform convergence of the GG-PPA,
which is due to [9].

Lemma 3.1. Suppose that Px(-) is metrically reqular at (Z,7) on By, (%) x By, (y) with constant
such that (8.4) and (3.5) are satisfied. Let x € B%@(:E) and B,,(0) C O. Then P;(.) is

K
1—krA

Lipschitz-like at (§,Z) on Bz(g) X Brg (Z) with constant that is,

_ K
1—3r\’
_ . K _

e(P; ' (y1) NBre (7), Py Hy2)) < m“yl — 2| for any y1, y2 € Br(7).

To complete our main result, we suppose that a sequence of functions gr : X — Y such that
gx(0) = 0, which are Lipschitz continuous around the origin, the same for all k, with Lipschitz
constants Ax satisfying

1
A= A —. 3.6
Sl;p < or ( )

We replace gy, instead of g in (3.1), we obtain the mapping P, (-) as follows:
PF():=gp(- —2) +T() foreach k=0,1,2,....

and rewrite the equation (3.2) as follows:

K
1—krA

—1 —1
e(PF (y) NB,, (3),PF () < ly — /|| for all y,y' € By, (7). (3.7)

By Lemma 2.2 and Lemma 2.1 with (3.6), we obtain that the mapping Pﬁ_l(-) is Lipschitz-like at
(7,%) on B, (7) x B, (Z) with constant T r

Y satisfying (3.7). Thus we have
K

DF(z) = {deX: z4de Pf’l(y)} (3.8)
and we obtain the following equivalence
z € Pfil(y) S yegr(z—x)+T(z) forany z € X and y € T'(2).

In particular,
-1
zepr (y) for each (Z,7) € gphT.
For each z € X and y € T(z), we define the mapping Z¥ : X = Y by
Zy () =y +ge(- = &) = gu(- — ),
and the set-valued mapping ®%: X = 2¥ by

o) = PE (250 (3.9)
Then
1Z5(a") = Zs (@) = lly+gr(a’ —3) = grla’ —2) —y — gr(2" — 7) + g (2" — 2)|
< lge(a’ = 2) — ge(2” = 2)| +
w2’ — ) — ge(z” — )| for each z’, 2" € X. 3.10
llgx ( g

Now, we prove the uniformity of the semi-local convergence of the sequence generated by Algorithm
2 for solving (1.1) when T is metrically regular.
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Theorem 3.1. Supposen > 1 and that P¥(-) is metrically regular at (%,7) on B, (Z) x By, (§) with

constant ﬁ, and let 7 be defined in (3.4). Let B, (Z) C O, § > 0 and o > 0 be such that

ry T Ty
§ < mi {i —, 21
(a) < ming 5 55 gy 1y
(b) (n+3)rA <1,
(c) o< Ad.
Then, for every y € B,(y), there exists some 5 > 0 such that any sequence {xi} generated by
Algorithm 2 with initial point in Bs(Z) converges to a solution x of (1.1) for y.

Proof. Let .
M=
Since > 1, by assumption (b) we have that
_n_
Mnh < Lg’ —1.
Cn+3

Assumption (c) and (3.3) allow us to take 0 < § < & so that

dist(y, T'(x0)) <o < Aé for each zo € B;(Z). (3.11)

Note that the metric regularity of the mapping Py (-) at (Z,%) on B, (Z) x B,,(§) with constant

%7 implies through lemma 2.1 that P;{?_l is Lipschitz-like at (3,Z) on B, (y) x B, (Z) with
— AR

constant that is, (3.7) holds.

_r
1—- Xk’
To complete the proof we will proceed by mathematical induction. It suffices to show that the
Algorithm 2 generates at least one sequence and any generated sequence {x} satisfies

o — 7] < 25, (3.12)
and
lzkg1 — zxl < (MnA)*Hs (3.13)
for each k = 0,1,2,.... Define
Fom 2 (e =] + |y —gll) for each z € X. (3.14)
3(1— k)

Since n > 1, by assumption (b) and (c) we have

Fo < 15_’”)\%5 < %5 < 26 for each = € Bos(Z). (3.15)

First, we will prove that
D (z0) N 7z(0) # 0. (3.16)
To do this, we will consider the mapping <I>20 defined by (3.9) and apply Lemma 2.3 to <I>20 with

2
No := T, T 1= Ty, and o := 5 It’s sufficient to show that assertions (2.1) and (2.2) of Lemma 2.3
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hold for &9

2
2o With no :=Z, r := 72, and a := 5

To proceed, we note that z € Pgil(gj) N By, (Z). Then by the definition of @), and excess e, we
have

dist(z,20,(2) < e(PY (5) NBr,, (2), 20, (2))
(P () NBr, (2), P 123,(D)). (3.17)
(noting that B:, (Z) C B2s(Z) C B, (7)). For each x € B2s(Z), we have that

122, () — gl

IN

Iy + go(z = Z) — go(z — 20) — 7|
ly = gll + llgo(z — Z) — go(z — o)l
ly = 3l + Aollzo — Z|| < ly — gll + Allzo — 2. (3.18)

INIA

Then by the relations o < AJ and 3A\d < ry in assumptions (c) and (a) respectively, we obtain that

122, () — gl < 3X\6 < rg, (3.19)

that is, for each = € Bas(z), Z9, (z) € By, (§). Put = Z in (3.18), we obtain that

zo

1Z2,@) =3l = lly+g90(& ~2) — go( — z0) — 7
< lly =4l +1190(0) — go(Z — o)l
< ly = 7l + Aolleo — 2 < ly — gl + Az — 7| (3.20)
< 3M <7y

This yields that Z7(2) € B,, (). Using (3.7), (3.20) and (3.14) in (3.17), we have

K _ 0 ,— K
19 = Zao (D] <

. _ 0 ,— <
dist(z, ®,,(T)) < T STw

o = ]+ lly = gl)) = (1 = 2)7zg = (1= ),

This implies that assertion (2.1) of Lemma 2.3 is satisfied.

Below, we will show that the assertion (2.2) of Lemma 2.3 also holds. To show this, let z’, 2" €
B, (Z). Then by the fact 26 < 7z in assumption (a) and (3.15), we have a’,2" € B, (%) C
B2s(Z) C B, (). Moreover, we have from (3.19) that Z3, (z'), Z9, (") € By, (y). Then by Lipschitz-
like property of P§71 (), we have
e(®oy(z') N By, (2), B3, ("))
e(®, (') N By, (7), 03, (2"))
= e(PY 2% ()] N B, (2), P[22, ("))

K /
28, - 23, (321)

3.6) in (3.21), we obtain

<

Applying (3.10) and

—

e(®3,(z)) N By, (@), 25,(«"))
K _ —
< Tl =) = go(a” = @) + llgo(z" — w0) — go(z" — z0)|))
2 o0k ’ " 2)K ’ "
< — < —
v Ll B AR
2 ! 1 ! 1
<l = ol = alla’ - "
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Therefore, the assertion (2.2) of Lemma 2.3 is also satisfied. Since both assertions (2.1) and (2.2)
of Lemma 2.3 are fulfilled, there exists a fixed point

1 € By, () such that & € @3, (&1),

which translates to Z9 (1) € PJ(21), that is, y € go(#1 — x0) 4+ T(21). This shows that #1 — xo €
D°(x0) and hence (3.16) holds. Consequently, inasmuch as 1 > 1, we can choose do € D°(wo) such
that

[[do|| < 7 dist(0, D" (x0)). (3.22)

By Algorithm 2, x1 := xo + do is defined. Hence the point x1 is generated by Algorithm 2.
Furthermore, by the definition of D°(x), from (3.8) we can write

D%(x0) :={do € X : w0 + do € ngl(y)}v

and so .
dist(0, D°(x0)) = dist(zo, Py, (y))- (3.23)

Since PF(-) is metrically regular at (Z,7) on B, (Z) x B, (y) with constant f)\ﬁv it follows from

Lemma 3.1 that the mapping Pf_l(-) is Lipschitz-like at (g, %) on Br(g) X IB%%i(i) with constant
M for each z € Brg (z). In particular, Pf_1(~) is Lipschitz-like at (g, Z) on Br(y) X XBrs (z) with
constant M as the ball IB%T (Z) contains the point Z. Furthermore, the facts 3\d < 7 and o < Ad in
assumptions (a) and (c) respectlvely imply that

o< A<

co\ﬁ\

and hence we have that y € B, (§ ) g B (). Applymg Lemma 2.1 we have that the mapping Py, (-)
is metrically regular at (Z, ) on B (:E) x Bz(y) with constant M, that is,

dist(zo, Pfgl(y)) < M dist(y, Py, (x0)) for each zo € BTi(:E) and y € B (7). (3.24)
Using (3.23), (3.24) and ((3.11)) in (3.22), we obtain that

< dist(0,D°(z0)) = 1 dist(zo, PY ()
< nM dist(y, Py, (z0)) = nM dist(y, T(z0))
< (MnA)é.

lz1 — zoll = lldol|

This shows that (3.13) holds for k£ = 0.

We assume that the points z1,...,z, are generated by Algorithm 2 such that (3.12) and (3.13) are
true for k =0,1,2,...,n — 1. We show that there exists z,41 such that (3.12) and (3.13) hold for
k = n. Because of (3.12) and (3.13) hold for k¥ < n — 1, we have the following inequality

n—1 n—1

lzn = 2| < > lldill + llwo — 2| < 6 (MnA)™*' +6 <

=0 =0

MnA
75 6 < 26,

— MnA +
and 8o z,, € Bas(T). This reflects that (3.12) holds for £ = n. Now with almost the same argument
as we used for the case when k = 0, we can find that the mapping anf (+) is also Lipschitz-like at
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(y,Z) on B#(§) x Brz (Z) with constant M. Then by applying again Algorithm 2, we have

Iz
2

[Zns1 = @nl = ldall < 7 dist(0, D" (2n)) = 7 dist(zn, Py, " (y))
< nM dist(y, Py, (zn)) = nM dist(y, T'(zn))
nM dist(y,y — gn—1(n — Tn-1))
= M |[gn-1(zn — Tn-1) — gn-1(0)||
< M zn — 2poa|| S 9AM |20 — T | (3.25)
< MaA(Mn\)™6 < (Mn\)" 6.

This shows that (3.13) holds for k = n. Hence (3.12) and (3.13) hold for each k. This implies that
{zn} is a Cauchy sequence which is generated by Algorithm 2 and there exists z* € B, (Z) such
that x, — z*. Thus, passing to the limit zp41 € P;fl(y) and since gphT N (B, (Z) x B, (7)) is
closed, it follows that y € T'(z™). This completes the proof. O

In the particular case, when Z is a solution of (1.1) for y = 0, Theorem 3.1 can be reduced to the
following corollary which gives the uniformity of the local convergence result for GG-PPA defined
by Algorithm 2.

Corollary 3.1. Suppose that n > 1 and T is a solution of (1.1) for y = 0. Let T be metrically
regular at (Z,0) which have locally closed graph at (z,0). Let ¥ > 0 be such that B27(T) C O and
suppose that

lim dist(0, T'(z)) = 0. (3.26)

r—T
Then there exist constants § > 0 and o > 0 such that for every y € B,(0) there exists any sequence
{z1} generated by Algorithm 2 with initial point xo € B;(Z), which is convergent to a solution x of
(1.1) fory.

Proof. Since gphT is locally closed at (Z,0) and T is metrically regular at (Z, 0), there exist constants
rz,70 > 0 such that T is metrically regular at (Z,0) on B,.(Z) X By,(0) with constant x and
gphT' N (B, (Z) x By, (0)) is closed. Since g(- — Z) is Lipschitz continuous on O + Z, applying Lemma

2.2 we assume that the mapping PZ(-) is metrically regular at (Z,0) on B, (%) x B, (0) with constant
K

1— Ak’
Let n > 1 and sup,, Ay := X € (0,1) be such that kKA < % Choose rz € (0,7) and rg € (0,70)
n
’I"i)\

such that %5 <7 and ry — > 0. Then put

- min{zrg fri)\7 rz(1 73/-@/\)} 5 0.
2 4K

A< min{ 27“?;’ i}
Tz 3/{

6 < min{%c, %,

It follows that

Let § > 0 be such that
Ty

— 1.

3\’

Let y € B,(0). Since (3.26) holds, we can take 0 < § < ¢ so that for each o € B;(Z) there exists ¥
near 0 such that § € T(Z), that is, § € P¥(-). Then for such § we have that y € B, (%) so that

ly — gl <o < Aé.

It follows that B, (7) C Br,(0) and hence gphT N (B, (Z) X B, (7)) is closed. Thus, by the property
of P¥(-), we conclude that P (-) is metrically regular at (z,) on B, (Z) x B, (7) with constant

T ow Now, it is routine to justify that all assumptions in Theorem 3.1 hold. Thus, Theorem 3.1
— AR
is applicable to complete the proof of the Corollary 3.1. O
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4 Numerical Experiment

In this section, we will provide a numerical example to validate the uniformity of semi-local
convergence result of the GG-PPA.

Example 4.1. Let X =Y =R,z = —0.2,y = 0.1,n = 1.5, A = 0.3 and x = 0.2. Define a set-
valued mapping T on R by T'(z) = {3x+1,4}. Consider a sequence of Lipschitz continuous function

1
gn with gn(0) = 0, which is defined by gn(x) = —52 Then Algorithm 2 generates a sequence which

converges to x* = —0.3 for 0.1.

From the statement, it is obvious that T is metrically regular at (—0.2,0.4) € gph T and g, is
Lipschitz continuous in the neighborhood of origin with Lipschitz constant sup, Ar := A = 0.3.
Consider T'(x) := 3z + 1. Thus from (1.3), we have that

Dk(xk) = {dkeR:yegk(dk)+T(xk+dk)}
= {dkeR:dk:W}.

On the other hand, if D*(x) # 0 we obtain that

—(bxr +9
Y € gr(Trr1 — ox) + T(Tht1) = Thr1 = %
Thus from (3.25), we obtain that
NKA
di|| < di—1||-
il < T2 s
. NKA 9 .. .
For the given values of n, A, k, we see that T3 — 32 < 1. Thus, this implies that the sequence
— 3K

generated by Algorithm 2 converges linearly. Then the following Table 1, obtained by using Mat
lab program, indicates that the solution of the assumed generalized equation is -0.3 for 0.1 when
k = 10.

Table 1. Finding a solution of generalized equation

[ = 9|

-0.2000  0.4000
-0.3200  0.0400
-0.2960  0.1120
-0.3008  0.0976
-0.2998  0.1005
-0.3000  0.0999
-0.3000  0.1000
-0.3000  0.1000
-0.3000  0.1000
-0.3000  0.1000
-0.3000  0.1000

11
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The following figure is the graphical representation of T'(x)

T T T I T
—3x+1
— 4
6k ||
— 47 N
B
=~
2k |
0k |
\ \ \ \ \

|
-05 O 0.5 1 1.5 2

Fig. 1. The graph of T'(z)

5 Concluding Remarks

Semi-local and local convergence results for the GG-PPA, defined by Algorithm 2, are presented
under yellow the assumptions that n > 1, T" is metrically regular at a given point which have locally
closed graph and a sequence of Lipschitz continuous functions g, with gx(0) = 0. We observe that
in the case when g (u) = Apu, Algorithm 2 is reduced to the classical Gauss-type proximal point
algorithm introduced by Rashid in his PhD thesis [4, Algorithm 4.2.1]. This result improves and
extends corresponding one [1][4][9][13].
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