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Abstract

In this paper, we will obtain the necessary and sufficient conditions for the analysis of the position of
local symmetry on an arbitrary Riemannian manifold. These conditions are devoid of the aspects of Lie
groups, and thus can be used in calculations of procedures, without interfering with the concepts of Lie
groups, and improve intuitive attitudes. Also, we will study and create equivalent conditions for a
situation where a two-metric homogeneous Riemannian manifold is located symmetrically. In addition, in
this paper it is stated that the symmetric space (M, g) can be seen as a homogeneous space G/K. Also,
one-to-one correspondence between the symmetric space and the symmetric pair is shown, and curvature
is studied on a symmetric space.

Keywords: Symmetric space; Riemannian symmetric space, Semi-Riemannian symmetric space.

1 Introduction

For physical reasons, space-time structures are defined as smooth and connected four-dimensional
Lorentzian' manifolds. That is, the metric g has a sign (1, 3). The study of this category of metrics is in the
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category of semi-Riemannian metrics, that is, unlike the Riemannian metrics, the condition of positivity is
not obligatory. In other words, semi-Riemannian metrics are indefinite [1].

The study of semi-Riemannian metrics has many similarities to Riemannian metrics. Therefore, some of the
properties can be extended from the Riemannian manifolds to the semi-Riemannian manifolds such as the
presence of geodesics and space forms with constant sectional curvatures. However, there are many
differences in the study of indefinite metrics. For example, each self-adjoint operator, such as Ricci’
operator, is diagonalizable in the Riemannian geometry, while this feature is not necessarily established for
semi-Riemannian metrics. Some of the features can be studied for semi-Riemannian metrics without the
possibility of examining their matches for Riemannian metrics, such as extending of shear bending study to
degenerate plates, the presence of degenerate distributions or the presence of non-diagonalizable operators.
In fact, the presence of Jacobi’ degenerate operators results in asymmetric Osserman semi-Riemannian
manifolds, or the presence of asymmetric complete complex Einstein hyper surface processes on indefinite
flat spaces is also justified in this way [2-5].

An essential feature regarding semi-Riemannian metrics is lack of one-to-one correspondence to the Levi-
Civita connection. We know that correspondence to each metric (Riemannian, semi-Riemannian) there is a
unique Levi-Civita connection. If the manifold does not have a local de Rham decomposition, the opposite
of this is established for the Riemannian metrics to multiplication limit of a constant value. But this
correspondence is not established for semi-Riemannian metrics, that is, due to the presence of parallel
degenerate vector field there are metrics that define the same Levi-Civitta connection, but they are not a
constant multiple of the initial metric. It should be noted here that, unlike the Riemannian metrics, due to the
indefinity of the semi-Riemannian metrics, the presence of parallel degenerate distributions does not result in
local reducibility [6].

A semi-Riemannian manifold that has a parallel degenerate distribution is called Walker* manifold. This

type of metrics was first studied by Arthur Geoffrey Walker in 1950. Any Walker metric can be written to
the standard form using a suitable local coordinate [7].

2 Riemannian Symmetric Space

We study the Riemannian state on symmetric space, which ends up the type as follows [8].
Definition:

A Riemannian symmetric space is a S Riemann manifold with the property that reflectional geodesic at each

point is an isometry of S. Otherwise, for every X € S there is S S G=1 (S ) (isometric group of S)

with these properties:
S (x)=x,(dS.). =—1I

Which is called isometry of S, in symmetric x.

/4

First, the result of this definition: S is generally geodesic. If we define geodesic

S, ,

on [0, S), we want to

reverse y te (S /2, S) . So. We want to extend S, in addition S is homogenous.

2Gregorio Ricci-Cubastro (1853-1925)
3Carl Gustav Jacob Jacobi (1804-1851)
4Arthur Geoffrey Walker (1909-2001)
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For both points of IZEAS M there is an isometry so that the mapping P is on q, in fact the connection of

9. P is by the line segment of geodesic 7 (because S is complete) and suppose mey , then
Sa(P)=4q o ¢ PeS

a transitive action and suppose the point is a constant basis for it. The

subgroup of package GP - {g <€ G’g (p ) =P } is called isotropic group which is shown with K. The
differential at the point P for each is a step orthogonal conversion of . The determinant of
isometry K is by the differential dKP . Then we want to show K is subgroup of a package of O(TP S) (the

step orthogonal group is on Ty S) and is an embedding of K = dK, that is called isotropy play, K is

compressed in this section. If S is the homogenous space, the isotropy group is an orthogonal action then S is

PeS§

symmetric. If and only of if there is one symmetry Sp for

Definition:

A Riemannian symmetric space of M=G/H is compressed if killing from B to G is indefinite and it is
non-compressed, if the infinite negative B is on b and the definite positive is on M.

Theorem:
Suppose M = G / K_is a Riemannian symmetric space.

1) If M is compressed, then K > 0 and Ric > 0 because M is compressed and 77; (M) is finite.

2) If M is non-compressed, then K < 0and Ric < 0 because M is diffeomorphic of the Euclidean space
R" (which is simple connected). In addition, G is a diffeomorphic of H x R".

Proof:
1) Myers theorem can be used for a. in fact, M is complete and since Ric is definite positive and maintains

Ric(u,u) > a > 0 on a same circle in some of TP(M)-

2) For the second part using a proposition (a Riemannian homogenous manifold which has simple connected

Ric<0ad K £0 ) which shows M is simply connected. Therefore, using Hadamards theorem, M is a
diffeomorphic of R" and also it has pole. Therefore this lemma shows this claim about G. We have to
calculate the curvature only in cases where the tensiometer in M is caused by internal multiplication of

¢B  m . where B is a Killing of G and C is constant so that C > 0, if M is non-compressed. But C > 0,
if M is non-compressed.

In the general state that is used in linear algebra types in this case:

K(X,Y)=CB(X.,Y[X.,Y])/O(X,Y)forX ,Ye M

Then [X 5 Y ] € T, so considering the definition it results that in the compressed state K >0 and in

the non-compressed state K < 0 .
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Since M is Riemannian and following that Ric > 0and Ric <0 , respectively. Therefore, what remain
shows RiC(X, X) = 0 and this implies that X =0.

And suppose E peee E 25 X is the orthonormal for m that does not change in any state of K because:

foralli, Ric(X,X)=0= K(X,E,)=0
jB([X,EZ],[X,EZ])IO for all i,
:B([X,Y],[X,Y])ZO forall Y em,

Because ¢B |, is the internal multiplication and following this [X,Y]=0and ad N (m) = 0 and
since Cldx Cldx (T) = adx [X, T] c Cldx (m) =0 and this results us and by definition of killing
theformB(X,X) =0 then X =0

If M is a Riemannian symmetric space, the identity component G of the isometric group M is a transitive
action of Lie group on M (M is Riemannian homogenous).

Therefore, the point P from M is constant and M is a diffeomorphic from submultiple of G / K where K is
the isotopic group the action G on M at point P. An isometric action of K on 7 (M) is obtained by

differencing in P. therefore, K is a subgroup of the orthogonal group on 7 P (M ) so it is compressed.

In addition, we show Sp as S p- M — M which is symmetric to geodesic of M at the point P that the

mapping h =S p° h Y pand O ! G—>Gisan automorphism extension of Lie group so that

the isotopic group K- included is between the constant point of group O and this is the identity component
(so it is an open subgroup).

In short, M is a symmetric space of G / K with the isotopic group component of K. As a result, the
symmetric space to the compressed isotopic group is Riemannian symmetric space.

So the structure of Riemannian symmetric space is an internal multiplication of K-constant on tangential

space of G / K in the identity eK. So that there is always the average of an internal multiplication and since
K is compressed so a constant Riemannian meter of g on G / K is obtained by the action G.

We show that G / K is Riemannian symmetric. Suppose each p=hkand £ € G

And we define:

S,:M —> M, N'K+> ho(h'hK

Where extended o is from G of constant K. Then, we fist examine that Sp is an isometry.

In fact, S P (P ) = Pand dS p= ~lonT (M) . therefore, S is a symmetric geodesic and since P is

arbitrary so M is a Riemannian symmetric space.
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3 Spherical Riemannian Symmetric Space

Suppose M is a Riemannian manifold with Riemannian structure of Q; M is called an analytic Riemannian
manifold, if M and Q are both analytic.

Definition:

Suppose M is an analytic Riemannian manifold; M is called spherical Riemannian symmetric, if each
P € M is a constant point separated from an isometric extension of Sp from M [9].

Lemma:

Suppose M is spherical Riemannian symmetric. For each P € M there is a vertical Np neighborhood of
P € M so that Sp is geodesic symmetric on Np.

Suppose A= (dSP) , then AMP C MP and A2 =1 ; we write: and we see that
X=1/2(X-AX)+1/2(X + AX) (direct summation) where V= {X:4X =X}

+
Suppose X # 0 belongs to 14 , consider a )/ geodesic tangential to X, then Sp eliminates the point
constant of y . and this assumption is contradictory that P is a separate constant point. Therefore A=-1.

Suppose M is a spherical Riemannian symmetric and y is any geodesic in M. If P € y and S p-Y is an
extension of y . also each maximal geodesic in M has as infinite size.

Therefore, M is complete and the both ¢ € M and P can be a geodesic connection of the size d(p,q). If m is

the middle point of the geodesic, then S, is the convertor of P and Q. in this section of group I(M), the
transitive action is on M. where (M) has a countable basis in the compressed open topology and a transitive
and the topologic convertor group is locally compressed M. And suppose K is a subgroup of I(M), then K is
compressed as well and I(M) / K is a homomorphism of M under the mapping of gk — g and

Do-8€1(M).
Lemma:

Suppose M is a spherical Riemannian symmetric space, then I(M) is an analytic structure compatible with
the compressed open topology of a Lie conversion group from M.

Theorem:

(1) Suppose M is a spherical Riemannian symmetric space and Py is any point in M. if G = [ (M)
and K is a subgroup of G with eliminating the constant Py. Then, K is the compressed subgroup
of the connected group of G and G / K is analytic diphymorphic to M under the mapping of
gk - g and g € g and PO.

(ii) The mapping of 6: g > § 7 aS 7 is an automorphism extension of G. so that K is also a

closed group of (for all constant points of o and identity components of Ks). The group -K
does not include the natural subgroup of G, otherwise {e}.

(1i1) Suppose g and ¢ show Lie algebra of G and K, respectively, then ¢ = {Xeg:(do),X =X}
andif P = {X € g:(do),X = —-X},wehave g =/+ P (direct summation).
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Suppose n shows the natural mapping of g — g ; Py of G is on M, them (dn), is the image of linto {0}
and also P is an isomorphic on M , . If X € P, then geodesic caused by P, with the tangential vector of

(dr) e X is obtained by the following relation.

Varx (1) =eXptX.Fy  (dz =(dn),)

IftY € M, then (dexptX) A, (Y) is the parallel transition of Y along the geodesic.

Propositions:

Suppose (G, K) is pair of Riemannian symmetric space and suppose © shows the natural mapping of G on G
/ K and 0 = n(e) and also suppose o is an analytic extension automorphism of G so that

(K,), € K c K_ .1In each Riemannian structure of constant -G; Q is on G / K and the manifold of G /

K is a spherical Riemannian symmetric space that the symmetric geodesic of Sy below is true [10]:

7(0(g)=5,7(8)S, Sy °T =m0 geG
Where S, is independent of Q selection.
Note:
The we see that the Riemannian connection on G / K is independent of Q selection.

Proof:

Assume o is an arbitrary analytic extension automorphism of G so that (K o )0 cKckK o -

More simply, we write doand dr instead of (do’), and(d7r), ; suppose g and £ show Lie algebra of G
andK,asaresult P={X € g:doX =—X}.Then g = ¢ + P (direction summation)

And  if XeP and ReK then o(expAd(R)tX)=Rexp(-Tx)R™"' . Also
doAd (R)X = —Ad (R)X . Therefore, P is constant under AdG (K) . The mapping of dr is the image

of g on TO which is a tangential space to G / K in 0 and the kernel of dz* £. As a result, the isomorphism of
P on T, is changeable with action of Kand R € K, X € P; dn.Ad(R)X =dr(R).dx(X).

In fact, this formula is immediately a sequence of the relation below:
m(exp Ad (R)X) = 7(RexptXR ') = c(R)7(exptX).

Because Adg(K) is a compressed group in the relevant topology of GL(g) and there is a degree 2 infinite
absolutely positive for B on constant —P under Adg(K). Then the form Qo =Bo (dﬂ' )71 on Ty is
constant under all mappings of dz(R)and R e k.
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Suppose the symmetric bilinear correspondence is on T, X Ty which is shown by Q,. For each PeG/K

the bilinear form of Qp on (G/K)P X(G/K)P is shown by XO,YO €7, and
Qp(dT(g)XoadT(g)Yo) = Qo (Xo, Yo) . Where g € G so that g.O =P . The constancy on B
under Adg(K) guarantees well-defined Qp.

Because each g € G and T (g ) is an analytic diffeomorphism of G / H which shows P— Q pis a

Riemannian analytic structure on G / K under an action of —G; and once more each Riemannian analytic
structure the constant -G on G / K occurs for a second degree constant on P.

We define the mapping S, of G / K on itself by S 0T =T7o 0. Then, Sy is an automorphism extension
of G/ K onitselfand (dS,), = —/. We see that S is an isometry.

And suppose g € G and P=7(G).0and X,Y € (G/K), . Then the vectors X, =dz(g")y and
Y, =dr(g ')y belong to T, . And the formula S oz =705 is true for each x€ G and

Sy 0 7(g)(xk) = o(g0)k = o(g)o(x)k = (z(0(g)) ° S )(xk) and S, 0 7(g) =7(c(g))° S, also:

therefore:

QdS, X, dS,Y) = 0(dS,dz(g) X, dS,d7(g)Y,)
=dS, X,dS,Y,) = 0(X,,Y,)) = O(X.Y)

Therefore, Sy is an isometry and close to 0 it has to be coincident with the symmetric geodesic. For an

arbitrary point P = 7(g).0 in G /K; geodesic is symmetric by S, = 7(g)o S, o r(g™).

Where this is an isometry and the space G / K is a spherical Riemannian symmetric space and this is the end
of proving.

4 Semi-Riemannian symmetric Space

Definition:

A semi-Riemannian symmetric space is a connected semi-Riemannian manifold of M so that for each

P € M there is a unique isometry where gz P :M — M that the identity differential mapping is on

T P (M ) . Where the isometry 5 p is called spherical symmetric of M in P because through P it is an

inverse of geodesics and & is unique for all Ms and is symmetric local geodesic in P so it is isometry.

Theorem:

Suppose M and M are complete and connected and local semi-Riemannian symmetric manifold which is

simple connected by M; if L : T 0 (M ) - T o (M ) is a linear isometry which maintain the curvature.

Then there is a unique semi-Riemannian covering mapping where ¢ M > M so that d ¢0 =L .
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Example:

n
Suppose S = R" is with Euclidean meter; X € R s symmetric at each point and the reflectional point

of § ¥ (X + V) = X — V. The E(n) Euclidean group produced by the transmission is an isometry group

where the linear mapping is step orthogonal and the isotopic group from origin O is also the step orthogonal
group O(n). Pay attention that the symmetries do not produce the complete isometric group E(n), except for
a subgroup that is a sequential extension of the transmission group.

Example:

1
Suppose S =8"is a unit sphere in R"™ with standard scalar multiplication. The symmetry in each

1
x €S" in the line Rx in R"" is reflectional and X (y)=—-y+2<y,x>x; in this mode, the

produced symmetry is a complete isometry group with the step orthogonal group O(n + 1) . where the

isotropic group of the last standard step vector €, , = (0,...,0,1)T is equal to O(l’l) (- O(n + 1)
Example:

R" is symmetric because for each point of P the mapping P + X — P — X is an isometry and the sphere S"
is also symmetric.

Example:

+1
S" =80(n+1)/SO(n) of unit sphere in R"™ and s* with symmetry ofgz in 0 =(1,0,...,0) is
symmetric by transmission (to ATy ) —> (fo e A ) .
Lemma:
The semi-Riemannian symmetric space is complete.

Proof:

We show that the geodesic ¥ :[0,b) — M is extensible and select b near the range ¢ and suppose é: is
spherical symmetric in 7/(0 ) and since 5 is geodesic inverse by ]/(C) and is again parametrization of
50]/ which expresses an extension of )/ .

Note:

Local semi-Riemannian symmetric manifold is complete, simple connected and symmetric.

Proof:

At each point PeM the identity linear isometry on T P (M ) maintains the curvature. Therefore,

using the above theorems M = M can be obtained. It is a semi-Riemannian covering mapping

¢ M —> M sothat d ¢P = —id because M is simple connected and ¢ is an isometry.
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Lemma:

If &is a symmetric sphere of M =G/ H in zero the mapping O . § —> §g f where é:g 5 is an
automorphism extension of G the set F = FZX(O') = {g eG: O'(g) = g} is constant points
of o that a closed subgroup of G so that Fo cHCF.

Proof:

-1
Since f is extended and § = § . Then o is connection of 5 so o is an extended automorphism and F
is a close subgroup of G. If h € H | then the image of derivative from isometry of O (h) in zero is

dfodhodfo . where it is only dho since dfo = —1d because M is connected and O'(h) =N then
HcF.

Now we show that F 0 & H because F, is connected by attachment B produced by points a(t ) from
one-parameter subgroup of F,. Then it is enough to show O'(t) € H but OC(OZ(t)) = Ol(t) and

because X (t ), 5 is inverse ; therefore:
S(a()0) = a()s(0) = ()0 porane

Because 0 is the only constant point of symmetry é: , provided that & (t )0 =0 . Therefore, & (t ) isa
isotopic group H of zero.

Proposition:
Suppose M = G/ H is a semi-Riemannian symmetric space, show:

1) The geodesic starts from zero with assumptions as follows:
Yy (1) = a ()0 = ITa(?) where a is a one-parameter subgroup of X € M .

2) The curvature tensor in zero is equal to RXYZ = dH[[x, y], Z] where X,Y,Z € T,(M)

under corresponding with dll to X and Y ’ Zem . If x,y their length is non-degenerate, then:

K(x,y)=<[[X,Y],X],Y >/0(X,Y)

Proof:

Since M = G / H is naturally reduced of Lie sub-space m which results the formula of sectional curvature.
Because for X ,Y € m and [x , y] € T now we first study the below multi-linear function:

(X,Y,Z,W)-><[X,Y].Z]LW >
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Where it is curved on m which is obviously left symmetric in Y, X. where periodic symmetry in Z, Y, X is

only with Jacobi identity. As a result, [X ) Y ] € T because is left symmetry in W, Z so in fact, m with
Scalar multiplication is constant on it.

Theorem:

Suppose H is a closed subgroup of a connected Lie group of G and suppose o is an extension of

automorphism G so that FO cHcCF-= Fix(a) .

Then each tensor meter constant —G on M = G / H results in a semi-Riemannian symmetric space of M so

that f o JT = JT © O where 5 is local symmetric of M in 0 and the proposition &t is of G->M.

Proof:

(a) There is a unique function 5 M —> M so that 5 oL =mwo0 . Ifgec G , then
E(mg) = m(0g)is a fixed definition because g, = 7tg, , thatis g H = g, H , and because
o is constant of H; then O'(gl )H = G(gz )H where 70g, = 7TOZ, .

(b) 5 is a diffeomorphism where 5 is a usual smooth derivative for the existence of a local action of

submersion 1 because is extended therefore Cf = f .
(c) dfo =—id eventually £(0) =0 . 1If yeT,(M), Y egso that do(¥)=—Y and
dﬂ'(Y) = ) then:

dé(y)=dé(dnY)=dn(doY)=dn(-Y)=—-y
(d)r,, =¢1,8.forg € G.inf act, foralla € G,
st ma = ¢r(ga) = no(ga) = n(og - ou) = 1, 7(0a) = 7,57
(d) For each tensor meter of constant -G on 5 ; M isan isometry, if Vy = dTg,l (V) € To (M)
and suppose V, = d Tg—l (V) eT 0 (M ) . Then using the equation (c), (d) we have:
<dév,dév >=<dédr, (v,),dédz (v ) >
=<d7,ds(v),d7,ds(vy) >=<dg(vy),ds(vy) >

=< —V,,—V, S=<V,V >,

Proof of the theorem is complete observing if a homogenous space has local symmetry & at a point of 0, the

-1
other one is at any P = T(0), that i, T§T .
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5 Riemannian Symmetric Manifold

Definition:

A Riemannian symmetric manifold of M is called Riemannian symmetric space, if there is a symmetry of Sy

for each point of X € M so that an isometry of M and a neighborhood of Ny from X where X is a unique
constant point of Sy in Nx.

Definition:

A connected Riemannian manifold is called symmetric, if there is an isometric dependent of

Op . M — M for each P e M so that i) & p 18 identity extension ii) and P has a separate constant point

and there is a neighborhood of U from P so that P is the only constant point of O, .

Lemma:

If is a Riemannian manifold and O p is an isometric extension so that P is a separate constant point then

O (Xp)=—Xpand 0, (EXPX ) = EXP(—X},) (VX, eT,(M));
Proof:

2 2
Because O p is identity and true from (O' P*) on T P (M ) and this means that the value of the

characteristic O pron 1 (M) is +1; anyway if the value of the characteristic is +1, then there is vector

X p # 0so that GP*(XP):XP-

For each isometry F:M —> M and F o EXP = EXP o F, . Because it maintains geodesics, that
is, O p (EXP tX ) = EXPtX | Therefore, the geodesic around P in the main direction of Xp is a

constant point which means that P cannot be a separate point from O p . Therefore, +1 is not the value of the

characteristic and O P —[ where 1 in fact is identity. Because o is an isometry and

Op (EXPX P) = EXPo = (X P) = EXP(-X P) and this means that we assume O p each geodesic

around P on itself in its opposite direction.
Note:

Each complete Riemannian manifold of M and the point P € M can have at most one isometric extension
o, from P with a separate constant point.

Theorem:

A Riemannian symmetric manifold of M is necessarily complete and if pP,{ € M | then there is an

isometry —a corresponding to ¥ € M so that O, ( p) =dq.
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Proof:

First we show that M is complete and prove that any geodesic can be an expansion of infinite size. Suppose
P(S) is a geodesic radius form the size of S so that we define 0 < S < b.We want to show an extension of
the size of L >~ b and suppose S = 3/4b and if a symmetry of P(S,).

Supposing that the geodesic P(S) is around another geodesic P(Sy) in the mode of tangential vector of
P(S 0) = (dp / dS) So that its value is same P(S). Because it has a common tangent from P(S) to P(Sy).

Where P(S) is coincident on the range 1 /2b < § < b ; then the size of this expansion is > 3 /2b.

Following this it is simply observed that each P, {q € M is an isometry of M where M : P —>q.In

fact, suppose 7" is a geodesic from p to q, then the isometry O, is a geodesic of P — ¢ on itself.

Theorem:

Suppose P(t) that ; a geodesic of a symmetric manifold M and 7 is a dependent isometry for each real

number; then 7 (p(t)) = p(f + C) )

If X, is an element of T}, (M), then Xp(t) =Ty XP(O) is the dependent parallel vector field

along P(t) where t is the variable of 7, where T :TP(O) (M) —> Tp(t)(M) is parallel

transmission along the geodesic.

Note:

Pay attention that if P. , = P (C2 ),Pl =P (Cl) both points are from one geodesic P(t) where
— 00 < f < O, then the argument O-pz ° O'p1 (p@®)) = p(t+ 2(02 -G ) and (O'pz °0 , ) are

mappings of each parallel vector field along P(t) to a parallel vector field.

Theorem:

Suppose M = G and the connected Lie group is complete with constant meter and suppose X . € Te (G) ,
then the unique geodesic of P(t) with P(0) = € and P(0) = X

parameter group by X, and other geodesics are left (right) coset of one-parameter groups.

. 1s exactly the determinant of the one-
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